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ABSTRACT

A multi-patch and multi-group modeling framework describing the dynamics of a class of diseases driven
by the interactions between vectors and hosts structured by groups is formulated. Hosts’ dispersal is
modeled in terms of patch-residence times with the nonlinear dynamics taking into account the effective
patch-host size. The residence times basic reproduction number R, is computed and shown to depend
on the relative environmental risk of infection. The model is robust, that is, the disease free equilibrium
is globally asymptotically stable (GAS) if Rp <1 and a unique interior endemic equilibrium is shown to
exist that is GAS whenever Ry > 1 whenever the configuration of host-vector interactions is irreducible.
The effects of patchiness and groupness, a measure of host-vector heterogeneous structure, on the basic
reproduction number Rg, are explored. Numerical simulations are carried out to highlight the effects of
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residence times on disease prevalence.
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1. Introduction

Vector-borne diseases, a major public health problem around
the world, are responsible for over one million death and hundreds
of millions cases each year [51,65] and so diminishing their impact
is a worldwide priority. Travel, climate change and trade have sig-
nificantly altered vector-borne diseases dynamics [10,26,38,52,53].
Ross [56] was the first to model a vector borne disease dynam-
ics. Ross’s paper [56] and follow up work [57-59] laid the founda-
tion of what is known today as the field of mathematical or the-
oretical epidemiology. There is an extensive literature associated
with the study of vector-host interactions in the context of hu-
man diseases ([2,4,6,14-16,20-24,31,40,41,43,44] and the references
therein). Sparse theoretical results exist on the role of geographical
heterogeneity on the spread of vector-borne diseases, mostly via
metapopulation models [1,3,5,18,28,54,61,66,69], that assume that
the movement of host is “permanent”; this approach has been
referred as Eulerian [30,47,48]. A Lagrangian perspective consid-
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ers the movement of individuals across patches in a framework
where the hosts’ origin or identity are never lost. This approach,
useful in the study of the role of movement of individuals in
highly connected settings albeit it has received limited attention
[18,25,34,54,60].

The concept of Langragian and Eulerian approaches were im-
plemented by Okubo et al. [47,48] in modeling the diffusion and
aggregation of animal populations in ecology. This nomenclature
has been used in the context of epidemic models by Cosner
et al. [18]. The use of a Lagrangian approach in the study of the
dynamics and control of vector-borne diseases has also been ex-
plored in [25,31] prior this work. Specifically, Dye and Hasibeder
[25,31] considered the study of vector-born dynamics via SIS — SI
type host-vector models in the context of n patch systems. Ro-
driguez and Torres-Sorando [54] used a Lagrangian perspective via
the incorporation of short-time visitations to multiple patches, also
in the context of vector borne disease. In [60], authors also con-
sidered a patchy Ross-Macdonald model and derived patch spe-
cific basic reproduction number in order to identify which patch
is a source or a sink. More recently, Iggidr et al. [34] introduced
a general SIR —SI multi group deriving necessary and sufficient
conditions for the existence of a sharp threshold [34]. Their [34]
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abstract setting did not incorporate residence times explicitly, al-
beit their general infection terms technically may allow for their
inclusion. The study in Iggidr et al. [34] and related papers, with
the exception of [25,31], assume that hosts and vectors are res-
idents or members of particular patch or group. Our framework
can handle multiple levels of organization including the host’s age
or socio-economic structure (see [42,64| for the age factors and
[8,37,49] for the socio-economics’ role). Since vector transmission
is often determined by the vectors’ place of residence, it is often
useful to decouple the host’s structure from that of vectors’ popu-
lation whenever possible.

In this paper, we consider a vector-host model where the host
population is structured by groups/classes that interact with non-
mobile vectors living in multiple patches/environments. The hosts’
groups may be defined by socioeconomic background, gender, or
age. The vectors’ patches represent the vectors’ “space”, which in-
clude schools, farms, workplaces etc. Hosts, in general, will dis-
tribute their time in a multitude of vectors’ places of residence
(patches). In our setup, we assume that the spatial scale under
consideration is such that ignoring vector mobility across patches
is acceptable. There are evidences that such an assumption is rea-
sonable, for example, Dengue and Chikungunya’s urban vectors
Aedes aegypti rarely travel more than a few tens of meters dur-
ing their lifespan [1,50]; the mainly rural but urban adapted vector
Aedes albopictus have maximum dispersal of 400-600 m [33,45];
according to [9,45], the vectors Aedes albopictus are unlikely to
travel long distance due to wind speed variability, in fact, they
exhibit a tendency to fly closer to the ground, desisting to fly
during heavy winds; the adult Anopheles( vector of malaria) does
not fly more than 2 km [63]; and, Anopheles gambiae’s (the main
malaria vector in Africa) maximal flight distance is 10 km [36].
In short, the spread of vector-borne diseases, in many instances,
is primarily due to hosts’ dispersal. Therefore, it is assumed here
as in [5,69] that vectors do not abandon their geographical en-
vironment or patch. There are alternative modes of mosquitoes
dispersal like those generated by trade, including the used-tires’
trade [46,55].

The host population is structured into n groups with dispersal
modeled via the residence times matrix P = (p;j) i< , Where p;

1<j<m

denotes the proportion of time that a host memb_éf of Groups i
spends in Patch j. The use of this approach impacts the temporal
dynamics of the effective host population size in each patch. Host
effective population size per patch, that is the number of hosts of
each group at time t in Patch j, j=1,2,...,m; is computed us-
ing the entries of the matrix P as weights. The density of effective
infected host per patch account for both effective population and
effective infected population size in each patch.

The host effective population size has not been incorporated in
the literature using a Lagrangian approach in the context of vector-
borne diseases before [18,54] (but see [11]). Our formulation gener-
alize the case where vectors and hosts are defined by jointly inhab-
ited patches [18,34,54]. We prove that the disease free equilibrium
is GAS if Ry <1 and that a unique endemic equilibrium exists and
is GAS if Rg > 1 whenever the multi-patch, multi-group system is
irreducible. This approach has been used in the study of a general
SIS model in the context of communicable diseases [7].

The paper is organized as follow. Section 2 is devoted to the
derivation and basic properties of the model; Section 3 deals with
the stability analysis of the disease free equilibrium (DFE) and the
endemic equilibrium. Section 4, highlights the role of heterogene-
ity in term of patch and group variability on the basic reproduc-
tion number; Section 5 highlights tour results in the context of
2 groups, 2 patches and 2 groups and 3 patches via simulations.
Section 6 collects our conclusions and thoughts on the usefulness
of this approach and list possible extensions.

2. Derivation of the model

We consider the dynamics of human-vector interactions within
a population composed of n social groups and m environments or
patches. We denote by Ny ; the host population in social group i,
i=1,...,1, and N, ; vector population in Patch j, j=1,...,m. The
susceptible and infected host populations in group i, i=1,...,n,
at time t, are denoted by S, ;(t) and I ;(t), respectively. It is as-
sumed that the total host population in each group is constant,
that is Nj; = Sp;(t) + I, ;(t); that the disease in the host is cap-
tured by an SIS epidemic model while the vectors’ dynamics fol-
lows an SI framework. The vector population in each patch is com-
posed by S, ; and I, ;, the susceptible and infected vector popula-
tions in Patch j, j=1,..., m, respectively.

The entries of the residence times matrix P denote the pro-
portion of time that individuals of different groups spend in each
patches; specifically p; represents the proportion of time that
members of group i spend in Patch j (p; = O for all j and
Z’}; pij = 1 for all i). The susceptible individuals of group i (Sp, ;)
are generated through birth at the per-capita rate u; and they re-
cover from infection at the per-capita rate y;. It is assumed that all
offsprings are susceptible and that the disease does not confer im-
munity. The birth of susceptible individuals in group i is compen-
sated by deaths, maintaining constant host population size in each
group. The host population is at risk of infection in every patches
from its interaction with local infected vectors (I, ;, j=1,..., m).
Hence, the dynamics of the the susceptible host of group i, for
i=1,...,n, is given by:

m
Shi = HiNni + Vilni = Y bj(N, Nu,j)ﬂu,hpijsh,i# = [iSh,i

= v.j
where b;(Ny,, N, ;) is the number of mosquito bites per human per
unit of time [13,15,27,29] in Patch j. bj(Ny, N, ;) is assumed to be
a function of the number of host in Patch j; a population that in-
cludes visitors from other patches.

The dynamics of infected hosts of group i,i=1,..., n, is mod-
eled as follows
m
Ini=)_bj(N. Nv,j)ﬂvhpijsh,i% — (i + Yl (1)
j=1 v

The susceptible vectors in Patch j are replenished via constant
recruitment A, ;, subject to death at the per-capita rate u, and
removed (through harvesting and spraying) at the per-capita rate
;. We suppose that the natural per-capita vectors’ death rates are
the same in all patches. Though, the vectors do not move across
patches, the susceptible mosquitoes in Patch j (S, ;) may, of course,
be infected by infected hosts of any group while visiting Patch j.
The effective proportion of infected individuals in Patch j is there-
fore given by

ity Dijlhi
> k=1 PijNnk
Hence, the dynamics of susceptible vector in Patch j, j=1,...,m
in patch j at time ¢ is given by
2is Pijhh
3 ket PiiNuk
where g; is the number of bites per mosquito per unit of time in
Patch j, assumed to be constant.
The dynamics of infected vectors in Patch j is given by
; Yii1 Dijlhi
b P g
We know that the total number of bites by mosquitoes (a;N, ;
in Patch j) should equal the total number of bites received by

SU,] =Nyi— ajﬂhvs — (v + SJ)SUJ

— (o + 81y (2)
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Table 1
Description of the parameters used in System (4).
Parameters  Description
Bun Infectiousness of human to mosquitoes per biting
B Infectiousness of mosquitoes to humans per biting
a; Biting rate in Patch j
i Per capita humans’ birth and death rate for Group i
Vi Per capita Recovery rate for Group i
Dpij Proportion of time individual in Group i spend in Patch j
Iy Per capita natural death rate of mosquitoes
d; Per capita death rate of control of mosquitoes in Patch j

humans (b;(Ny, Ny) 3¢_; PjNpi) [2,13,44]. In our case, this con-
servation of contact rates should be satisfied in each patch. Hence,
for Patch j, we have:

n
Ny j = bj(Ny. Nuj) Y DjNp e

k=1
This implies that:
a;N,,j
> k=1 PkiNnk

Hence, the disease dynamics for n host groups interacting in m dif-
ferent environments subjected to resident vectors is completely de-
scribed by the following system:

bj(Np, Ny j) = (3)

Shi = MiNy; + vil S a;pii———— — Sk
hi = MilNpi + Vilpi — Bun hzz ]pUZk T PoNax Midh,i
Ini = BunSpi T a<p~L—(/L-+y-)I ,
h.i vhohi 2. j=1 Y] UZZ:] pijh,k i i)th,i
. (4)
: i1 Dijln.i
S,-:A,-—aﬂhs,-i’1 L (U +8;)Sy,
! ne UJZ;::lpijh,k B
; Yic1 Pijlh.i
Ioj = BrSuj SRR (48,5,
" St PN v
with i=1,...,n and j=1,...,m. The parameters used in Model

(4) are defined in Table 1 and the flow diagram of the model is
provided in Fig. 1.

The total host population is constant and since total vector pop-
ulation dynamics are given by

Nv,j = Av,j — (U +8j)Ni/,js
we can deduce that
A -
i/] N
My + 6
And so, the vector population is asymptotically constant in each
patch. The use of the asymptotic theory on triangular systems

[12,68], applied to System (4), leads to the following equivalent au-
tonomous system:

limsupN, ; =

t—+o0

. I,
Ini = Bun(Npi — Ini) Z ajpljm (i + ¥Yidlnis
Vi=1,2....
’ ’ 5
iv,j:aj,ghu(Nv,j—Iv,j)M—(Mv+5j)1v,js )
> k=1 PkjNn.x
Vj=1,2,...,m

Here, we have that human risk in Patch j is defined by a;8,, and
so, Patch j is riskier than Patch | whenever g; > a;. The model-
ing framework is quite flexible. For example, the case n = m covers
the interactions between n host groups (or classes) in n patches or
the case when hosts and vectors are co-residents. The case p;; =0
for all j # i or p;; =1 when n =m leads to a collection of isolated

Patches

Prnm

Groups

Fig. 1. Flow diagram of the model.

classical Ross-Macdonald models. For n # m, hosts are structured
in groups like children, farmers, retired people and vectors are dis-
tributed in patches or meeting places like home, school, farm, work
place or mosquito breeding site, etc. People from the considered
groups visit patches and spend certain amount of time and get
possibly infected whereby.

Dye and Hasibeder [25,31] models involve n host and m vec-
tor patches under the assumption that only the vectors move. The
models in [18,54,60], have incorporated residence times explicitly
but their modeling does not account for the effective patch pop-
ulation size. In fact, in [18,54], the pattern of movement between
patches does not produce any “net” change on the total popula-
tion per patch at any given time. For example, it is assumed (in
[54]), that the total population of patch j is N/k where N the over-
all human population and k the number of patches. In [18,60], the
total population in each patch j is N; (or H; in their notations) re-
gardless of the movement of individuals between patches. Simi-
lar remarks hold for the Dengue’s two-patch model in [39]. In our
case, the host population in each patch is the sum of visiting indi-
viduals of different groups weighted by the proportion of time they
spend in each patch. This means that, at time ¢, at any given Patch
J» the host population is pqjNp 1 + pajNypo + -+ PnjNp . the ef-
fective population size of Patch j. Moreover, this approach is well
suited for better intervention strategies through the knowledge of
aj, j=1,...,mor the residence time matrix P = (p;j)<j<p, - For ex-

1<j<m
ample, if a particular host group is more affected by the disease
in consideration, that may lead to the patch within which the in-
fection had occurred, that is the patch “source” of infection. That
could help steer control measures such as DDT in the “infectious”
patch or social distancing the “infected” group to mitigate the dis-
ease burden.

System (5), could be written in a compact form as follows

{ih = Byndiag(Ny — Iy)Pdiag(a)diag(P'N,,) =11, — diag(u + )l

Iy = Byydiag(a)diag(N, — I,)diag(P'N,) =PI, — diag(uy + &)1,
(6)
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where Iy = [l 1, lp2, - Ipnl's =[l1. Iz, oml', Ny =[Ny,
Nozoo Noal's No=[Ny1 Ny, o Noml, 8 =1[81.6.....8ml".
a=[ay,ay,....an)" and p = [y, Lo, ..., wnlt.

We end this section by showing that the solutions of Model
(5) are positive and bounded, or in other words, that the model
is biologically grounded.

Lemma 1.1. The region defined by
Q={Up 1) eRY™ | Iy <Ny, Iy <Ny}
is a compact attracting positively invariant set for System (6).

Proof. The set 2, a subset R™™ s clearly closed and bounded
and hence a compact. The right-hand side of System (6) could be
written as A(l, I,) (I, I,)* where

A1) = —diag(u +y) Bundiag(Ny
7T\ Budiag(a)diag(Ny — I)diag(B'Ny) ' P!

Since, I < Nj, and I, < N, the matrix A(l,.I,) is Metzler. Hence,
the positive orthant R™™ is invariant. At I, = N;,, we have I, =
—diag(u + y)I, < 0. Similarly, at I, = N,, we have I, = —diag(uy +
8)I, < 0. Hence, the vector field of (6) is pointed inward from the
faces of Q. O

3. Equilibria and global stability

In the absence of infected vectors in all patches, Model (6) sup-
ports a unique, disease free equilibrium (DFE), given by Eg = Ognm.
The basic reproduction number, defined as the average number of
secondary cases produced of by an infected individual during its
lifetime, is computed using the next generation method [19,67].
The right hand side of (6) could be written as F + V where

_ ( Budiag(Ny)Pdiag(a)diag(P'N,) I,
Fln bo) = <ﬁ,wdiag(a)diag(N,,)diag(ptNh)—1Pf1h and

_( —diag(u + y)Iy
V(y, Iy) = <_diag(uu + ),

Let F =DF(I, Iy) and V =DV(I,, I,) evaluated at the DFE. We
obtain:

0
F= (ﬂh,,diag(a)diag(Nv)diag(IP’fN,,)1IP’f

and

(v 0
-(3 %)

where Vj, = diag(u + y) and V;, = diag(uy + 6).
The basic reproduction number is the spectral radius of the
next generation matrix:

0 M,
_val — n,n vh
( om’m)

Mp,
where

My, = Brdiag(a)diag(P'N,)~'diag(N,)P'V, !
and

My, = Bypdiag(Ny)Pdiag(P'N,) ' diag(a)V, ™!

Notice also that since (—FV)? = diag(M,,, My, ), we can deduce
that the basic reproduction number is R2 = p(M,;Mp,).
More precisely, we have that

131
a1 B P11Nva @1 By P21 Nu1 @1 By PniNoa
it PuNniCii+v1) X PirNui (12 +y2) g PitNui (V)
a3 BhyP12Nv.2 a3 Bhy P22 Ny a3 BhyPn2No2
M it PaNui(i+v1) Xy PaNui(12+y2) it PioNui (n+Vn)
hv =
@ By P1mNo.m @m By Pam No.m @m By Prm No.m
Yt PimNpi(1+y1) X0y PimNni(Ra+V2) it PimNpi (n+¥n)
and
@1 BynP11Nn1 @ BnP12Npa Am By P1mNp.1
S PiaNui (o +81) Xy PaNii (1o +62) it PimNpi (fto+8m)
@1 Byn P21 Nn2 @ BynP22Np2 A Byn P2m N2
M Yot PirNwi(o+61)  YiLq PiaNni(iv+32) Y1 PimNui (1v+8m)
vh =

@1 Bun Pt Nin

@ By Pn2Nhn

am BhyPrmNp.n

it PiNui (io+61)

it PiaNni (v+82)

i1 PimNpi (fto+8m)

— Iy)Pdiag(a)diag(P'N,) !
—diag(py + )

Note that the matrices My, and M,, are of (m, n) and (n,
m) size, respectively. The matrix M, represents the new human
cases due to infected mosquitoes whereas My, represents the new
mosquito cases due to humans. In fact, the elements of M,;, and
My, have specific biological interpretations, for instance,

e For i=1,...,n and have
a;ByPiiNy j
(i+Vi) Y11 PijNu
vector (of Patch j) cases of infection produced by a single

infected of group i during his/her infectious period.

Similarly, for i=1,...,n and j=1,...,m, we have (my,);; =
a; BhyPijNni
(mv+87) XLy PijNp
human (of group i) cases generated by an infected vector (of

Patch j) during her infectious period.
o The overall number of new cases produced by an infected
mosquitoes in Patch j is the sum of the elements of the jth

column of M,,, that is,

j=1,....m,  we (M) ji =

represents the average number of secondary

represents the average number of secondary

ﬂvhdiagwh)Pdiag(a)diag(Pho)1)
0

n

a; By PijNn,i
= (v +8)) X1y piNp,

n
D o (my)j =
i1
n

ajﬂhv
(1w +67) X1y PuNh,l; o

ajﬂhv
(py + fsj).

The overall new vector cases generated by an infected human
of group i is the sum of the first column of My,, namely,

D o(mp)ji=) B - N
P o (i + 70 Xzt PijNng
_ B ajpijNv,j
(i +v) O > itq PNy
The matrix

0 My
My, O
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or equivalently the matrix

0 Nuh
Now 0O

where Ny = diag(N,)Pdiag(P'N,)~'diag(a) and Ny =
diag(a)diag(P!N,)~'diag(N,)P' is what authors in [34] called
host-vector network. It is proven in [34] that the matrix —FV~1 is
irreducible if and only if My,M,;, and M,,My, are both irreducible.
Notice that, even if n =m, the irreducibility of P is neither nec-
essary nor sufficient to ensure the irreducibility of Mp,M,, and
M,,My,. See the Section 5.1 for counter examples.

Remark 21.1f we suppose that n=m and p;;=0. V{i j}e
{1,2,...,n}? and i # j then P = I,. Hence, My, and M, are diago-
nal matrices and so is their product My, M,,,. Hence,

R3 = max{(R})%, (R2)?, ..., (R})?}
where

a,'zﬁvh/gthv,i
v (i + Vi)Np i

For each i, the basic reproduction number (R{))2 is the one derived
from the classical Ross model.

(Rh)? =

Theorem 2.1. Under the assumption that the host-vector network is
irreducible, we have that

1. If Rg < 1, the DFE is globally asymptotically stable.
2. If Rg > 1, the DFE is unstable.

Theorem 2.2. Under the assumption that the vector-host network is
irreducible, we have that if Ry > 1 then there exists a unique endemic
equilibrium that is globally asymptotically stable.

Theorems 2.1 and 3.2 can be obtained by using Smith’s re-
sults [62]. Indeed, it is immediate that System (6) is cooperative,
strongly concave and its Jacobian is irreducible. Hence, the theo-
rems can be obtained following Smith’s results [62] (Theorem 3.1
and Corollary 3.2). A similar method using Hirsch’s theorem [32] is
outlined by Iggidr et al. in [35] for an SIS metapopulation model.

A sharp threshold results of a multi-group vector-borne disease
model has been obtained in [34] by using nicely crafted Lyapunov
functions and elements of graph theory.

4. Effects of heterogeneity

In this section, we take a closer look to the effect of heterogene-
ity on the basic reproduction number and provide simple bounds
for the basic reproduction number that may be useful in applica-
tions. We also compare the effects of patchiness (the role of vari-
able number of patches/environments) and groupness (the role of
variable hosts’ groups) on the basic reproduction number. We de-
note R%(m, n) the basic reproduction number for n groups and m
patches.

The basic reproduction number is the spectral radius of M,,My,,.
This matrix is supposed irreducible with entries are given by:

m 2
N BunBruNni a; PikD jkNy i

= Vi,j=1,...,n.
YTy 2 (L uNeD? (i + )

(7)

R = (rj;) is an n x n matrix. The basic reproduction number is also
the spectral radius of My,M,;, a matrix with entries

a;a; By BunNy.i "\ PiiPijNnk
(kv + 87) (12 PiNn) (211 PiiNut) oy Hoe+ Vi
j=1,....m. (8)

Tij =

The next theorem collects a set of inequalities that identify
lower and upper bounds for the basic reproduction number.

Theorem 3.1.

1. min L; <R%(n,m) < max L; where
1 ,nj j=1 n]

L. — ﬂhulghu = aﬁpjkNv.k
T ity — (X121 PueNw1) (v + 1)

. " @ BruBroPikNniNyk 5 Dik
b (L PuNeD? (o + 8) \ 5 1+ Y

3. min LS <R3(n,m)< max LS where
j m J j=1,...m ]

Jj=1...,

Lo a; B Bun 1\ PNk Z a;PiiNy,i
T (uy + 51‘)(2;1:1 PiiNw1) 1 Mkt Ve \ iS5 > =1 ik

4. min LI <R23(n,m) < max L where
i=1,...m ! i=1,..m !

I @i B BunNy.i Zn: DiilNn i Zm: a;pi;
Y Y PiilNay i+ Ve \ = (o +8;) D1 PijNuy

k=1 j=1

Proof.

1. Since MMy, is a nonnegative irreducible matrix, the basic re-
production number R2 = p(M,,M,,) satisfy the Frobenius’ in-
equality:

m,in rj (Muthv) = R% (n, m) = max rj(MthIw)
J J

where r;(M,;Mp,) = I r;j and ry; are given by (7). We have:

n
1i(MynMpy) = 15
i1
L\ Bt BroNni < aZpikP Ny
~ wi+Yi = (C PuN)? (o + 8k)

,Buhﬁhu - aﬁpjkNv,k " N
= - n > 5 Zpik h.i
K+ Vi i PuNpD? (v + 1) =
— ﬂuhﬂhu = aﬁpjkNv,k
Wi+ Vi i (it PueNa) (kv + 1)
= LJ

2. This inequality is obtained in the same way as 1 this time, by
summing over the columns of M,;Mj, and using Frobenius’ in-
equality.

3. By considering the fact that R(z)(n, m) is also the spectral radius
of matrix My,M,;,, the Frobenius’ inequality leads to

mjin 7j(Mp,Myp) < R3(n,m) < max 7 (MpyMyp).

v:lhere Fi(MpyM,) = Y1 ij and 7 are given by (8). It follows
that,

m
Fj(thMuh) = Zﬁ‘j
i=1

L aiaj/ng,BUhNi/,i
— (o +8;) (g PilNn) (g PijN1)

n

N Z DPkiPkjNh k
1 Mt Yk
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_ a; Bhy Bun i PyilNy,i
(o +87) (il PiiNnt) = (il PiiNw)

N Zn: DijNnk
—1 Mkt Vi
= L;?

4. Let r;(Mp,M,;,) denote the sum of the entries along the ith row
of Mp,M,;,. We have:

m
i (MpMyp) = > T
-1
Z a'ajﬂhvﬂvthi
(v + 8 Ly PN QZiiq pijNRy)

§ Z PriPkjNn k
o1 Mkt Ve

_ ai.Bhv,thNv,i =
(i pilNea)

ajN,,,,-
(w4 8;) (1= PijNup)

§ Zn: PkiPjlNn k

o Mkt Yk

gt
=L
We deduce the inequality as in 3. O

Note that the bounds L; and L? can be interpreted biologically.
L; is the sum of the products of the number of secondary cases of
infections on mosquitoes (of Patch k, k=1, ..., m) produced by in-

fected host of Group j (%) and secondary cases of infections

on hosts (of Group j) produced by infected mosquitoes in Patch k

By Pjk f
) fork=1,....,m
(l‘”‘sk Y plthAl)

Similarly, L* is the sum of the product between the number
of secondary cases produced by infected mosquitoes (of Patch k)

Ay BryPikNp i .
, e L and the secondary mosquito
(1 PikcNi D (u+8y) y q

cases of infection produced by infected hosts during their infec-

tious period, that is, >-7_; ;L,»aiyj m.

Theorem 3.2. If the residence time matrix is of rank one then an ex-
plicit expression of the basic reproduction number for the general sys-
tem is given by

BunBrw i ak vk Z Dj th
(i1 PiNk)? = (o +8) \ = i+ v
Proof. Let us suppose that the residence time matrix P is of rank 1.
There exist x e R? and y e R such that P = xy”. Since P is stochas-
tic, we can deduce that x; ZTzlyj =1fori=12,..., n. There-
fore, P could be written as P = k¥p' where pe R™ and Y1, p; =
1. Hence, the matrices M,;Mp, and M,M,, are also of rank

one. Therefore the trace of M,,;My, is only positive eigenvalue of
M,,My,,.. Hence, by using (7), we obtain:

aﬁp%Nv,k
(X121 PiNR)? ey + 85)

_ ﬂvhﬂhv Z Nh i Z aiNv,k
(X121 PiNk)? = i+ Vi = (o + 8k)

_ BonBry - ak vk - piZNh,i
(L PiNuD? £ Z (v + 81) Z Wi+ Vi

on hosts, that is

R3(m,n) =

R3(m, n)

2“: BunBroNni <
i=1

itTVi

k=1

If we assume that “virtual” dispersal does not induce any sub-
stantial change in the population of each patch, i.e p;N,; = Ny ; at
any time and that u; = and y; =y foralli=1,2,...,n, then we
recover the result of Dye and Hasibeder [25,31], namely,

R2(m,n) = R3(m, 1),

where R% (m, 1) is the basic reproduction number corresponding
of m patches of vectors and a single host group. Similarly, if ; = 8
and aj =a for all j=1,2,...,m, we obtain

R3(m.n) = R3(1.n),

where R(Z)(l, n) is the basic reproduction number corresponding of
n host groups and a single patch of vectors.

For m patches and one group, the basic reproduction number is
given by

plkNVk

ﬂvhlghv Z (MU e Sk

Ry(m.1) = (W + YNy

k=1

The basic reproduction number associated with single group
and single environment turns out to be the classical Rz that is,

Ré(], 1) = (Ma 2B By

G N . We arrive at the following result:

Lemma 3.1. We have

R3(m, 1) > R3(1,1)

Proof.
:th/ghv p1k v,k
R2(m, 1) = 9
o(m. 1) (U y1)Np £ Z (1w + 6¢) ®)
BunBrw akpanJ .

>

T (U Y)Ny (o +61)
since py; = 1 for a single patch and single host. O

=R3(1,1)

Remark 3.1. In Lemma 3.1, we are comparing the basic reproduc-
tion number of the m patches and 1 group case with the one of 1
patch and 1 group case. And so, the pq; in the RHS of the inequal-
ity in the proof of Lemma 3.1, is seen both as the p;; of the single
patch, single group case and the m patches, single group case.

Lemma 3.1 states that, for a single group, the presence of
patch/environmental heterogeneity might increase the basic repro-
duction number.

5. Special cases and simulations

In this section, we provide examples of cases where the num-
ber of patches and number of groups are either equal or non-
equal, that is, we highlight in a limited way the role of patchi-
ness and groupness. We start off by the case of two patches and
two groups to showcase that even when the residence times ma-
trix P is square, its irreducibility is neither necessary nor sufficient
to ensure the irreducibility of the next generation matrix. This im-
plies that the disease either dies out or persists in all patches and
groups. We then consider the three patches and two groups for
which the disease persists in all groups and patches in an attempt
to see how the differential in residence times leads to a differential
in the disease burden for hosts and vectors.

5.1. The two patches and two groups case

As stated at the derivation of the model (Section 2), this system
could model either the case where there are two patches within
which there are hosts and vectors or it could model the case where
there are two groups of hosts interacting in two different patches.
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The basic reproduction number, for n=2, m=2 is po(M,,;Mp,),
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where
@1 P11 Nu a1 B P21 Nyt
M, = [ PuNaa+P2iNa2) (a+y1) (P11Nk 1 +DP21Np2) (2 +Y2)
hv @ B P12Ny2 @B P22Nv2
(P12Np,1+P22Nh2) (1 +Y1) (P12Nn,1+P22Ny 1) (L2 +y2)
and
@1 BunP1iNn1 @ BunP12Nn1
M., = | PNu1+p2Nio) (o+81) (P12Nn,1+P22Ny ) (Lv+62)
vh = a1Bun P21 Np2 a2 Byn P22 N2

(P11Nk,1+DP21Np2) (v+61)

(P12Nn,14+P22 Ny 2) (Lv+62)

We have that

_ a%ﬂhvﬂyhp%] Nv.lNh.l
(P1iNp1 + P21Np2)? (1 + y1) (o + 81)
N @ BhyBun P3Ny 2Ny 1
(P12Nh 1 + P22Ny2)? (1 + v1) (y + 82)°

my

a%ﬂhvﬂvhpllleNv,lNh,l
(P11Np1 + D21Np2)2 (2 + ¥2) (i + 1)
a3 BryBunP12P22Ny 2Ny 1
(P12Np1 + P22Np2)? (12 + v2) (py + 62)°

mp =

_ a2 By BunP11 921Ny 1Ny 2
(P1iNp1 + P2aiNp2)2 (1 + y1) (i + 81)
a3 By BunP12022Ny 2N 2
(P12Nk.1 + P22Nk2)? (101 + v1) (e + 82)°

my;

and

a? BrwBun P Nu. 1Ny 2
(P11Nh1 + P21Np2)2 (2 + ¥2) (w + 1)

a3 B Bun D3 Nu 2Nh 2
(p12Nh1 + P22Np2)? (2 + v2) (o + 32)
We observe, that even for the case n = m, the irreducibility of P is
nor necessary not sufficient to ensure the irreducibility of M,,M,

and Mp,M,,. Indeed, if p;; =0, p; > 0 and py; > 0, the residence
time matrix is given by

1 0
D21 P22

is reducible whereas
@ By Bun D3y Nu1 Ny o
(p11Nk14P21 Nk 2)? (11 +y1) (o +61)

@ B Bun P21 Nu1 Ny
(Ni1+P21Ny 2)? (a1 +71) (o +81)

my; =

Mthhv =

@ B Bun P11 P21 Ny 1 Ni 1
(Nn1+P21 Ny 2)? (2 +Y2) (Ho+61)
@ By Bun P31 NuiNpa @3 BrwBunlo2
(Ni1+D21Np2)? (2+y2) (o +81) T Nio (o +y2) (1o +82)

is irreducible. Similarly, the residence times matrix

()

is irreducible while the non-diagonal entries of M,,M,,, are equal
to zero, that is, my; = my; = 0. Hence, M,;,M,, is not irreducible. If
the matrices Mp,M,;, and M,,Mp, are not both irreducible, we may
obtain boundary equilibria for which the disease dies out in some
hosts’ groups and vectors’ patches while persisting in others. See
Fig. 7a and b for instance.

5.2. The three patches and two groups case

As an illustrative example, we consider System (5) for the case
n = 2 groups and m = 3 patches. The basic reproduction number is
the spectral radius of

0 O
0 0 Mvh
—Fv-1= (10)
M 0 0 O
o 0 0
where
al:Bhuplle,l alﬂhvplem
(P11NR1 + P21 Nk 2) (1 + Y1) (P11NR1 + P21 Nk 2) (2 + ¥2)
My, = 28 P12Nu2 2B P22Ny.2
! (P12Ni1 + 22N 2) (1 + 1) (P12Nia + P22Np 1) (2 + ¥2)
a3 By P13Ny3 a3 BhypasNy3
(P3Ni1 + P23Np2) (1 + 1) (P3Nia + P23Np1) (2 + ¥2)
and
a1 Bunb11Nna a2 BunP12Nn
M (P1iNp1 + P2aiNp2) (w +681)  (P12Np1 + P22Np2) (i + 82)
W=
! a1 BynPa1Np2 a3 By P22Np 2
(P1iNp1 + P2tNe2) (y +81)  (P12Ni1 + P22Ni2) (o + 62)
a3 BynP13Np 1
(P13Nk1 + P23Np2) (v + 83)
a3 BynP23Ny 2

(p13Np,1 + P23Np2) (v + 83)

For purposes of simulations, we use the following baseline pa-
rameters with the ranges given in parentheses.

Buy = 0.5(0.001 — 0.54), B, = 0.41(0.3 —0.9)

1 1
— = 20(10 — 30) days, — = 75 x 365 days
o ( ) day o y

a; =05 day*], a, =04 day*], a3 =03 day*]

1 = 73 x 365 days, x = 7 days, L
“2 )2 V2

8; = 0.001 day™', 8, = 0.01, 85 = 0.08 day .

The values of By, B, and , are taken from [17]. The host popu-
lations and the recruitments of vectors for the 3 patches are taken
as

Np1 = 4000, N, = 4500, A, = 1000,
Aya = 1000, A,s3 = 950.

Unless otherwise stated, we fix pj3 = 0.1 and p,3 = 0.2, carrying
out System (5) simulations that focus on the effects of non-fixed
residence times matrix entries on the prevalence of hosts and vec-
tors.

Fig. 2 displays the dynamics of infected hosts of Group 1
(Fig. 2a) and Group 2 (Fig. 2b). The level of endemicity of individ-
uals of Group 1 seems to decrease as proportion of time in Patch
2 (p12) increases; probably because as pi, increases, py; decreases.
In other words, individuals of Group 1 spend more time in the less
riskier Patch 2 (a, = 0.4) than in the riskier Patch 1 (a; = 0.5). We
see that the less time that individuals spend in riskier environment
the less likely that they will become infected, as one would expect.

In Fig. 2b, the level of endemicity of hosts in Group 2 seems
to decrease as p,y increases or equivalently as p,; decreases (
D21 + D22 + P23 =1 and po3 is fixed). It is so because individuals
are increasing their residence time in Patch 2 (a; = 0.4) rather
than in Patch 1.

Figs. 3 and 4 offer an overview on how the dynamics of vectors
change as the proportion of time that individuals of Group 1 and

= 6 days,
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Infected hosts of Group 1
350 -

300 - e P, =0, p,, 0.8, R, =1.9786
— -p,,=03,p,, =05, R =1.5014
—, =0.6, Py =0.2, Ha =1.4737

250 -

200 | ’

150 | ’
100k i1
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0 560 1060 1560
Time (days)

(a) The level of prevalence of host of group

1 seems to decrease as pio increases (and

hence p1; decreases).

Infected hosts of Group 2
350

..... p,, =0,p,, =0.8, R, =1.9786
300] — -p,,=03,p,, =05, R, =1.5014
——p,, =0.6,p,, =02, R =1.4737

250 -

200

Ih,2

150 | 4
100

50 -

Time (days)

(b) The level of prevalence of host of group
2 seems to decrease with respect to pao.

Fig. 2. Dynamics of I, 1 and Iy, , for different values of p;.

Infected vectors of Patch 1

8000 -

7000 - P, =0 8,R, =1.9786
- =P, =03, R, =1.5014
——p,,=06,p,, R, =1.4737

6000

5000 -
54000 - I
3000 - P
2000 - p

1000

0 - 560 1060 1560
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(a) The level of prevalence of vectors of

Patch 1 is decreasing as pio increases and

Ppao increases.

Infected vectors of Patch 2
8000 -

..... P, =0,p,, 0.8, R =1.9786
— -p,,=03,p,, =05, R, =1.5014
——p,, =06,p,, 02, R, =1.4737

7000 -

6000 -
5000

_S4000

3000 | p
2000 - 4

1000f  f e

Time (days)

(b) The level of prevalence of host of group
2

Fig. 3. Dynamics of I,y and I, for different values of pj.

Infected vectors of Patch 3
8000 -

..... P, =0,Pp,, =0.8, R =1.9786
— -p,,=03,p,, =0.5,R =1.5014
——p,, =0.6,p,, 0.2, R =1.4737

7000

6000 -
5000 -
_Z 4000 -
3000 -
2000 -

1000

Time (days)

Fig. 4. Dynamics of vectors in Patch 3 (I, 3) for different values of pj.

Group 2 spend in environments 1, 2 and 3 varies. For the selected
residence times matrix entries, the prevalence of vector in environ-
ment 1 (see Fig. 3a) is at its highest if p; =0 and p,; = 0.8. With
this configuration, p;; = 0.9 and Patch 1 has the highest effective
population size. Moreover, Patch 1 has the highest biting rate, lead-
ing to high level of vector infections in that patch.

Though A, 1 = A, ,, the prevalence of vectors Patch 2 (Fig. 3b)
is lower than of Patch 1 (Fig. 3a), regardless of the combination
of the chosen residence times entries. This is because the effective
population of Patch 2 is less than the effective population of Patch

1 for all the three selected residence time configurations and also
because a; > a,.

Fig. 4 represent the dynamics of the vectors in Patch 3. The
number of infected vector in this patch is much less when com-
pared to the number of infected in Patches 1 and 2. Again, the ef-
fective population size of Patch 3, with pj3 =0.1 and py3 =0.2, is
much less when compared to those in Patches 1 and 2. Addition-
ally, we also have by assumption that a3 < a; < aj.

For the vectors’ prevalence, we obtain similar results as in
Figs. 3 and 4 even if when biting rates are equal in all the three
patches. This last comment highlights the role of the effective pop-
ulation per patch.

Remark 4.1. For all the selected combination of the residence
times matrix entries in Figs. 2-4, the matrices MMy, and My, M,
are irreducible and R > 1 and so the curves of the infected hosts
and vectors in those figures are reaching an endemic equilibrium
level in accordance with Theorem 2.2.

In Figs. 5 and 6, we consider the case where the residence time
matrix is fixed as follows:

b (0,4 0.3 0.3)

04 04 02
In that case, the matrices Mp,M,, and M,,M;, are both ir-
reducible. We sketch the trajectories of System (5) for differ-
ent initial conditions. Since, with these values of parameters
and residence times matrix, the basic reproduction number is
Ro(3,2) =1.4771, and so the result of Theorem 2.2 should hold

and Fig. 5 confirms that. More precisely, Fig. 5a shows that the
trajectories of infected individuals of Groups 1 and 2 converge
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(b) Dynamics of infected vectors of Patch 1 and

Patch 2.

Group 2.
Fig. 5. Trajectories of System (5), with n = 2 groups and m = 3 patches with 4 different initial conditions. The trajectories are converging toward a unique interior endemic
equilibrium.
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(a) Dynamics of infected hosts of Group 1 and

Group 2.

(b)

Dynamics of infected vectors of Patch 1 and

Patch 2.

Fig. 6. Trajectories of System (5), with n = 2 groups and m = 3 Patches with 4 different initial conditions. With g, = 0.2 and B, = 0.4, we have R((3,2) = 0.6353 and the

trajectories are converging toward the disease free equilibrium.
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(a) Dynamics of infected hosts of Group 1 and

Group 2.

(b) Dynamics of infected vectors of Patch 1, Patch
2 and Patch 3.

Fig. 7. Trajectories of System (5), with n =2 groups and m = 3 patches with 4 different initial conditions. The disease dies out for the host of Group 2 whereas it persists

for those of Group 1. Similarly, the disease dies out for the vector of Patch 2 but persists for the vectors of Patches 1 and 3.

to the same interior endemic equilibrium for four different ini-
tial conditions, namely IC; = [I; 1 (0) = 180, I, ,(0) = 180, I, 1(0) =
0, I,2(0) =0, I,3(0) =0] (solid red for I ; and dashed red
for I , in Fig. 5a), IG, =[lI,1(0) =100, I;,(0) = 250, I,1(0) =
6000, I,,(0) = 1000, I,3(0) =200] (solid black for I; ; and
dotted black for I, in Fig. 5a), IC3 =]l 1(0) =80, I;,(0) =
200, I,,1(0) = 1000, I,,(0) = 500, I,3(0) = 400] (solid green for
In,1 and dotted green for I , in Fig. 5a) and IC4 = [I;;(0) =

40, I5,(0) =80, I,1(0) =1, I,,(0) =2, I, 3(0) = 3] (solid blue for
Iy, 1 and dotted blue for I , in Fig. 5a).

Similarly, Fig. 5b displays the trajectories of infected vectors in
the three considered environments. For all the above-mentioned
initial conditions, these trajectories converge to their interior en-

demic equilibrium level.
Fig. 6 sketches the case where the values of all the parame-

ters are the same as above but where £, =0.2 and B,;, =0.4. In
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this case, the basic reproduction number is Rg = 0.6353 which is
less than one. As we can see in Fig. 6a and b, the trajectories of
infected hosts of the two groups and the infected vectors of the
three patches are converging to zero for the above four initial con-
ditions. This suggests that the DFE is globally asymptotically stable
and confirms the result of Theorem 2.1.

Now, we consider the case where the configuration of the
Group-Patch network is not irreducible. If we assume that pi; =
P21 = P23 = 0, the residence times matrix becomes

07 0 03
PZ(O 1 o)'

a1ynNy.1

Ny 1(q+yp) ey ON
This imply that My, = 0 your2s | oand My, =
a3Byniy.3 " 02 :
Np.1(nq+7v1)
1 Py 0 43Ppy .
Maﬁl azﬂ%v Mar‘*z . Hence, the matrices MMy, and My,M,,
Hy+0y

are not both irreducible and hence Theorem 2.2 does not hold, as
shown in Fig. 7, where a boundary equilibrium appears. In this
case, members of Group 2 spend all their time in Patch 2 and
hence are isolated from the rest of groups and patches. The ba-
sic reproduction number of Group 2 in Patch 2 is (Rg(2,2))? =
u%ﬁvhﬂthv‘Z
(v+82) (o +Y2)Np o
Group 2 (see Fig. 7a, solid curves) and vectors of Patch 2 (Fig. 7b,
solid curves). Members of Group 1 are connected to Patch 1 and
Patch 3. Hence, the corresponding basic reproduction number is

11,32 @BunBrNu21 a2 By BryNu,3 _
Ry )" = Gev+8) (u+yD)Ny 1 T (o+83) ey +71)Ny 1 = 1.8543. Hence,
the disease persists among the members of Group 1(see Fig. 7a,

dashed curves) and vectors of Patches 1 and 3 (see Fig. 7b, dashed
curves). This case offers a glimpse on how disease dynamics when
some groups are strongly connected to some environments while
other groups are isolated.

=0.8. The diseases dies out from the hosts of

6. Conclusion and discussion

Modeling vector-borne interactions have often been based on
well-mixed models that make it difficult to address effectively
the role of host mobility on vector borne disease dynamics.
Here, we consider a Lagrangian framework where hosts’ disper-
sal is modeled via the proportion of time that individuals spend
in different environments. In the process, we are forced to ac-
count, for time variations in effective population size within each
patch/environment. The kind of natural adjustment that can sig-
nificantly alter the quantitative and qualitative dynamics of vec-
tor borne dynamics in geographically heterogeneous system; here
within spatial scales that make it possible to neglect vector mobil-
ity.

And so, we consider a general SIS framework to account for
the host dynamics and an SI framework to account for the vector
dynamics. The transmission terms must make adjustments to ac-
count for the effective population size generated by the residence
time matrix. This is handled via the use of a modified frequency-
dependent incidence model that accounts for the effective den-
sity of infected hosts within each patch at any time. We compute
the basic reproduction number R%(]P, m,n) for the general host-
vector model and prove that the disease free equilibrium is glob-
ally asymptotically stable (GAS) if R(Z)(IP’, m,n) < 1. We also show
that there exists a unique interior endemic equilibrium that is GAS
whenever Rg (P, m,n) > 1 in the irreducible case, that is, when the
hosts’ groups and vector patches are strongly connected. When ir-
reducibility does not hold, the existence of boundary equilibria is
identified. In addition, we provide explicit expression for the basic
reproduction number whenever the residence time matrix P is of

rank one. Finally, we briefly explore the role of variability in the
number of patches and groups on the basic reproduction number,
Ré(]P’, m,n) and in the process, bounds for R% (P, m,n) are identi-
fied.

Our results generalize those of [18,39,54] since our models ac-
count for the time-dependant effective patch population size. The
approach we considered here includes the case where the hosts’
structure is defined by residency ( see Section 5.1) as well as the
case when the hosts’ structure is defined by groups or classes that
are independent from the spatially explicit patches.

In short, the contributions of this manuscript are primarily tied
to the effective population size, a function of the mobility matrix
P = (Pjj)1<i<n,. Where the p; denotes the proportion of time the

1<j<m
host of grail_p i (or the member of a well defined class i) spends in
environment j. We explicitly study the role of the matrix P on Ry
and connected the dynamics to the reducibility and irreducibility
structure of the system. Theorems were established and examples
provided on the role of pachiness and groupness on the disease dy-
namics.

Acknowledgments

We are grateful to the handling editor and two anonymous re-
viewers for their helpful comments and suggestions which led to
an improvement of this paper. C.C.C is supported in part by grant
#1R01GM100471-01 from the National Institute of General Medical
Sciences (NIGMS) at the National Institutes of Health. The contents
of this manuscript are solely the responsibility of the authors and
do not necessarily represent the official views of DHS or NIGMS.
The funders had no role in study design, data collection and anal-
ysis, decision to publish, or preparation of the manuscript.

References

[1] B. Adams, D.D. Kapan, Man bites mosquito: understanding the contribution of
human movement to vector-borne disease dynamics, PloS One 4 (2009).

[2] ]. Arino, C. Bowman, A. Gumel, S. Portet, Effect of pathogen-resistant vectors
on the transmission dynamics of a vector-borne disease., ] Biol. Dyn. 1 (2007)
320-346.

[3] J. Arino, A. Ducrot, P. Zongo, A metapopulation model for malaria with trans-
mission-blocking partial immunity in hosts, ]. Math. Biol. 64 (2012) 423-448.

[4] J.L. Aron, RM. May, The population dynamics of malaria, in: The Popula-
tion Dynamics of Infectious diseases: Theory and Applications, Springer, 1982,
pp. 139-179.

[5] P. Auger, E. Kouokam, G. Sallet, M. Tchuente, B. Tsanou, The ross-macdonald
model in a patchy environment, Math. Biosci. 216 (2008) 123-131.

[6] N.T. Bailey, et al., The biomathematics of malaria. the biomathematics of dis-
eases: 1., in: The biomathematics of malaria. The Biomathematics of Diseases:
1, 1982.

[7] D. Bichara, Y. Kang, C. Castillo-Chavez, R. Horan, C. Perrings, SIS and SIR models
under virtual dispersal, Bull. Math. Biol. 77 (2015) 2004-2034.

[8] R. Biritwum, ]. Welbeck, G. Barnish, Incidence and management of malaria in
two communities of different socio-economic level, in accra, ghana, Ann. Trop.
Med. Parasitol. 94 (2000) 771-778.

[9] D.D. Bonnet, D.J. Worcester, The dispersal of aedes albopictus in the territory
of hawaii, Am. ]. Trop. Med. Hyg. 1 (1946) 465-476.

[10] C. Castillo-Chavez, R. Curtiss, P. Daszak, S.A. Levin, O. Patterson-Lomba, C. Per-
rings, G. Poste, S. Towers, Beyond ebola: lessons to mitigate future pandemics,
Lancet Glob. Health 3 (2015) e354-e355.

[11] C. Castillo-Chavez, B. Song, J. Zhangi, An epidemic model with virtual mass
transportation: the case of smallpox, Bioterrorism: Math. Model. Appl. Homel.
Secur. 28 (2003) 173.

[12] C. Castillo-Chavez, H.R. Thieme, Asymptotically autonomous epidemic models,
in: O. Arino, A. D.E., M. Kimmel (Eds.), Mathematical Population Dynamics:
Analysis of Heterogeneity, Theory of Epidemics, vol. One, Wuerz, 1995.

[13] C. Castillo-Chavez, ].X. Velasco-Hernandez, S. Fridman, Modeling contact struc-
tures in biology, in: S.A. Levin (Ed.), Frontiers in Mathematical Biology, vol.
100, Springer, 1994, pp. 454-491.

[14] N. Chitnis, Using Mathematical Models in Controlling The Spread of Malaria,
University of Arizona, 2005 Ph.d thesis.

[15] N. Chitnis, .M. Cushing, ].M. Hyman, Bifurcation analysis of a mathematical
model for malaria transmission, SIAM J. Appl. Math. 67 (2006) 24-45. (elec-
tronic)

[16] N. Chitnis, ].M. Hyman, J. Cushing, Determining important parameters in the
spread of malaria through the sensitivity analysis of a mathematical model,
Bull. Math. Biol. (2008).


http://dx.doi.org/10.13039/100000057
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0001
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0001
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0001
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0002
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0002
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0002
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0002
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0002
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0003
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0003
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0003
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0003
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0004
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0004
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0004
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0005
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0005
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0005
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0005
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0005
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0005
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0006
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0006
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0006
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref1071
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref1071
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref1071
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref1071
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref1071
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref1071
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0007
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0007
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0007
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0007
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0008
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0008
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0008
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0009
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0009
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0009
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0009
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0009
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0009
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0009
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0009
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0009
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0010
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0010
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0010
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0010
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0011
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0011
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0011
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0012
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0012
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0012
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0012
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0013
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0013
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0014
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0014
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0014
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0014
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0014
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0015
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0015
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0015
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0015

138 D. Bichara, C. Castillo-Chavez/Mathematical Biosciences 281 (2016) 128-138

[17] N. Chitnis, J.M. Hyman, C.A. Manore, Modelling vertical transmission in vec-
tor-borne diseases with applications to rift valley fever, ]J. Biol. Dyn. 7 (2013)
11-40.

[18] C. Cosner, ]. Beier, R. Cantrell, D. Impoinvil, L. Kapitanski, M. Potts, A. Troyo,
S. Ruan, The effects of human movement on the persistence of vector-borne
diseases, ]. Theor. Biol. 258 (2009) 550-560.

[19] O. Diekmann, J.A.P. Heesterbeek, J.A.J. Metz, On the definition and the compu-
tation of the basic reproduction ratio Ry in models for infectious diseases in
heterogeneous populations, J. Math. Biol. 28 (1990) 365-382.

[20] K. Dietz, transmission and control of arbovirus diseases, in: D. Ludwig,
K. Cooke (Eds.), SIMS 1974 Utah Conference Proceedings, 1975, pp. 104-121.

[21] K. Dietz, Epidemiologic interference of virus population, J. Math. Biol. 8 (1979)
291-300.

[22] K. Dietz, Models for vector-borne parasitic diseases, in: Vito Volterra Sympo-
sium on Mathematical Models in Biology (Rome, 1979), in: Lecture Notes in
Biomath., Springer, Berlin, vol. 39, 1980, pp. 264-277.

[23] Y. Dumont, F. Chiroleu, Vector control for the chikungunya disease, Math.
Biosci. Eng 7 (2010) 313-345.

[24] Y. Dumont, F. Chiroleu, C. Domerg, On a temporal model for the chikungunya
disease: modeling, theory and numerics, Math. Biosci. 213 (2008) 80-91.

[25] C. Dye, G. Hasibeder, Population dynamics of mosquito-borne disease: effects
of flies which bite some people more frequently than others, Trans. R. Soc.
Tropical Med. Hyg. 80 (1986) 69-77.

[26] A. Elbers, C. Koenraadt, R. Meiswinkel, Mosquitoes and culicoides biting
midges: vector range and the influence of climate change, Rev. Sci. Tech. Off.
Int. Epiz 34 (2015) 123-137.

[27] E. Forouzannia, A.B. Gumel, Mathematical analysis of an age-structured model
for malaria transmission dynamics, Math. Biosci. 247 (2014) 80-94.

[28] D. Gao, S. Ruan, A multipatch malaria model with logistic growth populations,
SIAM ]. Appl. Math. 72 (2012) 819-841.

[29] S.M. Garba, A.B. Gumel, M.A. Bakar, Backward bifurcations in dengue transmis-
sion dynamics, Math. Biosci. 215 (2008) 11-25.

[30] D. Griinbaum, Translating stochastic density-dependent individual behavior
with sensory constraints to an Eulerian model of animal swarming, J. Math.
Biol. 33 (1994) 139-161.

[31] G. Hasibeder, C. Dye, Population dynamics of mosquito-borne disease: Per-
sistence in a completely heterogeneous environment, Theor. Popul. Biol. 33
(1988) 31-53.

[32] M. Hirsch, The dynamical system approach to differential equations, Bull. AMS
11 (1984) 1-64.

[33] N.A. Honério, W.d. C. Silva, PJ. Leite, JM. Gongalves, L.P. Lounibos,
R.L.-d. Oliveira, Dispersal of aedes aegypti and aedes albopictus (diptera: Culi-
cidae) in an urban endemic dengue area in the state of rio de janeiro, brazil,
Memoérias do Instituto Oswaldo Cruz 98 (2003) 191-198.

[34] A.Iggidr, G. Sallet, M.O. Souza, On the dynamics of a class of multi-group mod-
els for vector-borne diseases, J. Math. Anal. Appl. 441 (2016) 723-743.

[35] A. Iggidr, G. Sallet, B. Tsanou, Global stability analysis of a metapopulation sis
epidemic model, Math. Popul. Stud. 19 (2012) 115-129.

[36] C. Kaufmann, H. Briegel, Flight performance of the malaria vectors anopheles
gambiae and anopheles atroparvus, ]. Vector Ecol. 29 (2004) 140-153.

[37] K. Koram, S. Bennett, J. Adiamah, B. Greenwood, Socio-economic risk factors
for malaria in a peri-urban area of the gambia, Trans. R. Soc. Tropical Med.
Hyg. 89 (1995) 146-150.

[38] G. Kuno, Review of the factors modulating dengue transmission, Epidemiol.
Rev. 17 (1995) 321-335.

[39] S. Lee, C. Castillo-Chavez, The role of residence times in two-patch dengue
transmission dynamics and optimal strategies, J. Theor. Biol. 374 (2015)
152-164.

[40] G. Macdonald, Epidemiological basis of malaria control, Bull. World Health Or-
gan. 15 (1956a) 613.

[41] G. Macdonald, The Epidemiology and Control of Malaria, Oxford University
Press, London, 1957.

[42] P. Martens, L. Hall, Malaria on the move: human population movement and
malaria transmission., Emerg. Infectious Dis. 6 (2000) 103.

[43] A.G. Ngwa, On the population dynamics of the malaria vector, Bull. Math. Biol.
(2006).

[44] A.G. Ngwa, W. Shu, A mathematical model for endemic malaria with vari-
able human and mosquito population, Math. Comput. Model. 32 (2000) 747-
763.

[45] M. Niebylski, G. Craig Jr, Dispersal and survival of aedes albopictus at a
scrap tire yard in missouri., J. Am. Mosquito Control Assoc. 10 (1994) 339-
343.

[46] R. Novak, A north american model to contain the spread of aedes albopictus
through tire legislation., Parassitologia 37 (1995) 129-139.

[47] A. Okubo, Diffusion and ecological problems: mathematical models, Biomath-
ematics 10 (1980).

[48] A. Okubo, S.A. Levin, Diffusion and Ecological Problems: Modern Perspectives,
vol. 14, Springer Science & Business Media, 2013.

[49] O. Onwujekwe, B. Uzochukwu, S. Eze, E. Obikeze, C. Okoli, O. Ochonma, Im-
proving equity in malaria treatment: relationship of socio-economic status
with health seeking as well as with perceptions of ease of using the services
of different providers for the treatment of malaria in nigeria, Malar. J. 7 (2008)
1-10.

[50] World Health Organization, Dengue Control, World Health Organization, 2015.
http://www.who.int/denguecontrol/mosquito/en/ (accessed 14.09.16).

[51] World Health Organization, et al, A Global Brief on Vector-Borne Dis-
eases, World Health Organization, 2014. http://www.who.int/campaigns/
world-health-day/2014/global-brief/en/ (accessed 14.09.16).

[52] C. Perrings, C. Castillo-Chavez, G. Chowell, P. Daszak, E.P. Fenichel, D. Finnoff,
RD. Horan, AM. Kilpatrick, A.P. Kinzig, N.V. Kuminoff, et al., Merging eco-
nomics and epidemiology to improve the prediction and management of in-
fectious disease, EcoHealth 11 (2014) 464-475.

[53] P. Reiter, Climate change and mosquito-borne disease: knowing the horse be-
fore hitching the cart, Revue scientifique et technique-Office international des
épizooties 27 (2014).

[54] DJ. Rodriguez, L. Torres-Sorando, Models of infectious diseases in spatially het-
erogeneous environments, Bull. Math. Biol. 63 (2001) 547-571.

[55] D. Roiz, R. Eritja, R. Escosa, ]. Lucientes, E. Marques, R. Melero-Alcibar, S. Ruiz,
R. Molina, A survey of mosquitoes breeding in used tires in spain for the de-
tection of imported potential vector species, ]. Vector Ecol. 32 (2007) 10-15.

[56] R. Ross, The Prevention of Malaria, John Murray, 1911.

[57] R. Ross, An application of the theory of probabilities to the study of a priori
pathometry. Part i, Proc. R. Soc. Lond. A 92 (1916) 204-230.

[58] R. Ross, H. Hudson, An application of the theory of probabilities to the study
of a priori pathometry. Part ii, Proc. R. Soc. Lond. A 93 (1917) 212-225.

[59] R. Ross, H. Hudson, An application of the theory of probabilities to the study
of a priori pathometry. Part iii, Proc. R. Soc. Lond. A 93 (1917) 225-240.

[60] N.W. Ruktanonchai, D.L. Smith, P. De Leenheer, Parasite sources and sinks in a
patched ross-macdonald malaria model with human and mosquito movement:
implications for control, Math. Biosci. 279 (2016) 90-101.

[61] D.L. Smith, J. Dushoff, EE. McKenzie, The risk of a mosquito-borne infection in
a heterogeneous environment, PLoS Biol. 2 (2004) e368.

[62] H. Smith, Cooperative systems of differential equations with concave nonlin-
earities, Nonlinear Anal.: Theory, Meth. Appl. 10 (1986) 1037-1052.

[63] M.P. Stiirchler, The vector and measures against mosquito bites, in: P. Schla-
genhauf-Lawlor (Ed.), Travelers’ Malaria, 2001, pp. 88-105. BC Decker, ch. 8

[64] M.M. Thiboutot, S. Kannan, O.U. Kawalekar, D.J. Shedlock, A.S. Khan,
G. Sarangan, P. Srikanth, D.B. Weiner, K. Muthumani, Chikungunya: a poten-
tially emerging epidemic, PLoS Negl Trop Dis 4 (2010) e623.

[65] M.A. Tolle, Mosquito-borne diseases, Curr. Probl. Pediatric Adolesc. Health Care
39 (2009) 97-140.

[66] L. Torres-Sorando, D.J. Rodriguez, Models of spatio-temporal dynamics in
malaria, Ecol. Model. 104 (1997) 231-240.

[67] P. van den Driessche, J. Watmough, Reproduction numbers and sub-threshold
endemic equilibria for compartmental models of disease transmission, Math.
Biosci. 180 (2002) 29-48.

[68] M. Vidyasagar, Decomposition techniques for large-scale systems with nonad-
ditive interactions: Stability and stabilizability., IEEE Trans. Autom. Control 25
(1980) 773-779.

[69] Y. Xiao, X. Zou, Transmission dynamics for vector-borne diseases in a patchy
environment, J. Math. Biol. 69 (2014) 113-146.


http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0016
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0016
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0016
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0016
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0017
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0017
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0017
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0017
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0017
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0017
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0017
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0017
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0017
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0018
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0018
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0018
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0018
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0019
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0019
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0020
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0020
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0021
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0021
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0022
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0022
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0022
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0023
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0023
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0023
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0023
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0024
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0024
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0024
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0025
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0025
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0025
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0025
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0026
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0026
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0026
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0028
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0028
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0028
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0029
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0029
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0029
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0029
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0030
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0030
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0032
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0032
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0032
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0033
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0033
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0034
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0034
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0034
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0034
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0034
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0034
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0034
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref2071
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref2071
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref2071
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref2071
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0035
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0035
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0035
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0035
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0036
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0036
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0036
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0037
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0037
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0037
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0037
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0037
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0039
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0039
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0040
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0040
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0040
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0041
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0041
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0043
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0043
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0044
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0044
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0044
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0045
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0045
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0046
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0046
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0046
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0047
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0047
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0047
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0048
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0048
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0049
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0049
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0050
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0050
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0050
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0051
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0051
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0051
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0051
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0051
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0051
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0051
http://www.who.int/denguecontrol/mosquito/en/
http://www.who.int/campaigns/world-health-day/2014/global-brief/en/
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0054
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0054
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0054
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0054
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0054
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0054
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0054
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0054
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0054
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0054
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0054
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0054
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0055
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0055
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0056
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0056
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0056
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0057
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0057
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0057
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0057
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0057
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0057
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0057
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0057
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0057
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0058
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0058
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0059
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0059
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0060
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0060
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0060
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0061
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0061
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0061
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0062
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0062
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0062
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0062
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0063
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0063
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0063
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0063
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0064
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0064
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0065
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0065
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0065
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0066
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0066
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0066
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0066
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0066
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0066
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0066
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0066
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0066
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0066
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0067
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0067
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0068
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0068
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0068
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0069
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0069
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0069
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0070
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0070
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0071
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0071
http://refhub.elsevier.com/S0025-5564(16)30163-8/sbref0071

	Vector-borne diseases models with residence times - A Lagrangian perspective
	1 Introduction
	2 Derivation of the model
	3 Equilibria and global stability
	4 Effects of heterogeneity
	5 Special cases and simulations
	5.1 The two patches and two groups case
	5.2 The three patches and two groups case

	6 Conclusion and discussion
	 Acknowledgments
	 References


