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Abstract A class of models that describes the interactions between multiple host
species and an arthropod vector is formulated and its dynamics investigated. A host-
vector disease model where the host’s infection is structured into n stages is formulated
and a complete global dynamics analysis is provided. The basic reproduction number
acts as a sharp threshold, that is, the disease-free equilibrium is globally asymptotically
stable (GAS) whenever R%) < 1 and that a unique interior endemic equilibrium exists
and is GAS if R(% > 1. We proceed to extend this model with m host species, capturing
a class of zoonoses where the cross-species bridge is an arthropod vector. The basic
reproduction number of the multi-host-vector, R%(m), is derived and shown to be the
sum of basic reproduction numbers of the model when each host is isolated with an
arthropod vector. It is shown that the disease will persist in all hosts as long as it
persists in one host. Moreover, the overall basic reproduction number increases with
respect to the host and that bringing the basic reproduction number of each isolated
host below unity in each host is not sufficient to eradicate the disease in all hosts. This
is a type of “amplification effect,” that is, for the considered vector-borne zoonoses,
the increase in host diversity increases the basic reproduction number and therefore
the disease burden.
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1 Introduction

Zoonoses, infectious diseases caused by pathogens transmissible under natural condi-
tions from vertebrate animals to humans, account for 75% of emerging infectious
diseases (Taylor et al. 2001), with wildlife being an important source. Zoonotic
pathogens represent 61% of all known human pathogens (Taylor et al. 2001). These
zoonoses are responsible for over one billion cases of human morbidity, millions of
human mortality each year, and over $80 billion USD of global economic burden,
including public and animal health and livestock, from 1997 to 2009 (World Bank
2010). Therefore, understanding the dynamics of the underlying mechanisms that
drive the inter-host, between hosts, and/or vectors interactions to formulate better
control strategies should be a worldwide priority.

Zoonoses are transmitted through four majors transmission routes (Centers for Disease
Control and Prevention 2015¢):

(1) Vector-borne class that includes diseases such as Lyme disease, tick-borne relaps-
ing fever (TBRF), West Nile virus (WNV), Chagas disease. They are transmitted
by the bite of arthropod vectors;

(i1) Direct transmission including Brucellosis, hantavirus, influenza, rabies, these
zoonoses are due to a close contact with bodily fluids of an infected host, including
contacts with fomites;

(iii) Indirect transmission (e.g., Anthrax, Echinococcosis, Leptospirosis) that are
transmitted through the air by droplet transfer from an infected host to susceptible
host; and

(iv) Food-borne or oral transmission class that includes Toxoplasmosis, Trichinel-
losis, Salmonellosis. that are caused by ingesting food or water contaminated
with a pathogen.

However, according to Johnson et al. (2015), arthropod vectors transmit 40% of
zoonoses involving wild animals and 20% of zoonoses involving domestic animals,
making vector-borne zoonoses (VBZ) arguably the most important class of zoonoses
(see Lloyd-Smith et al. (2009) for an excellent review on VBZ). The understanding
and control of zoonoses have been hampered because of the complexities of inter-
actions of zoonoses at the interface of humans, animals, vectors, and the ecosystem.
Mathematical models have long been used to gain insights of key components of the
disease in consideration, although most have dealt with only one host and a pathogen
(Anderson and May 1991; Kermack and McKendrick 1927) or along with a vector
(Ross 1911, 1916; Ross and Hudson 1917a,b).

While dynamical models capturing directly transmitted zoonoses, including food-
borne and free-living pathogens, have received substantial, yet insufficient, attention
(Begon and Bowers 1994; Begon et al. 1992; Bowers and Begon 1991; Greenman and
Hudson 2000; Holt and Pickering 1985; Lloyd-Smith et al. 2009) (and the references
therein), the literature on the dynamics of multi-host zoonoses is sparse when transmis-
sion involves an arthropod vector (mosquitoes, flies, fleas, ticks, etc.) (Bowman et al.
2005; Cruz-Pacheco et al. 2012a, b; Johnson et al. 2016; Simpson et al. 2011), most of
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which are focused on WNV and with at most two hosts. Indeed, even among papers
that claim to model a zoonosis, authors usually disregard the multi-host component.

The main goal of this paper is to formulate and investigate the global asymptotic
behavior of systems describing the interactions between multiple hosts and vectors
that capture the evolution of a class of vector-borne zoonoses. The outline of this
endeavor is based on the following steps:

e We begin by formulating a single host-vector model with an arbitrary number of
stages (or relapses) during the host’s infectiosity. The proposed model revisits the
models in Johnson et al. (2016), Palmer et al. (2016) and generalizes them in order
to incorporate the heterogeneity of the vector’s infection with respect to the host’s
stage of infection (Sect. 2).

e We then derive the basic reproduction number and provide a complete investigation
of the global stability of equilibria, which surprisingly has not been done (Sects. 2.2
and 2.3).

e We formulate a multi-host-vector model where each host’s infection dynamics
have an arbitrary number of stages (or relapses). The proposed model allows also
that some of the hosts are dead-end hosts, that is, they carry the pathogen but are not
infectious. This feature of the model allows for inspecting whether host diversity
(with respect to the number of different host species) increases or mitigates the
overall infection.

e We complete the global stability of equilibria of the model with m host species on
which a common arthropod vector is feeding. These results are new (Sect. 3).

The basic reproduction number of the multi-host-vector system is R% (m) =
27_1 R(z)’ It where R(z)’ I for j = 1,2,...,m, is the basic reproduction number
of a single host-vector system, when taken in isolation. We prove that the disease-free
equilibrium (DFE) is globally asymptotically stable if Rg (m) < 1.Thatis, in this case,
the disease dies out in all hosts and in the vector populations. If R%(m) > 1, a unique
interior endemic equilibrium exists and is shown to be globally asymptotically stable.
Given the expression of R% (m) in terms of R%’ I for j = 1,2,..., m, this implies
that controlling vector-borne zoonoses requires a coordinated effort in controlling the
disease in all hosts. This result echoes the One Health concept (Centers for Disease
Control and Prevention 2017), which advocates for optimal health for all species and
the environment (One Health 2017). Moreover, the basic reproduction number R(z) (m)
increases with respect to the number of hosts, although the increase in dead-hosts does
not affect R% (m). This is a type of “amplification effect.”

2 Single Host-Vector with Stage Progression
In this section, we derive an SEIR-SEI vector-borne disease for a single

host-vector and study its asymptotic properties. We later extend to the multi-host case
in Sect. 3.
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2.1 Formulation of the Model

We consider a host population, denoted by Ny, that interacts with a population of vec-
tors, denoted by Ny . This host-vector interaction leads to a transmission of pathogens
from host to vector and conversely. We suppose that the host population is subdivided
into susceptible hosts, denoted by Sy, latent hosts (infected but not infectious) Ep,
hosts in a successive chain of infected classes I;, fori = 1,2, ..., n that represents
the different stages of the disease progression, and a class of recovered hosts, denoted

by Ry. The total host population is therefore, Ny = Sy + En + Zfl_] Ii + Ry. A
host’s infection thus follows an SEIR type of framework. The vectorsl’_population is
composed of susceptible, latent, and infected vectors, denoted, respectively, by Sy,
Ey, and [, and their infection follows an SEI model type of structure. The hosts’
susceptible population is generated via a constant recruitment Ay and reduced by a
per capita mortality rate of up and through an infectious vector bite. The dynamics of

the susceptible host is therefore given by:

. 1
Sh = An — b(Ny, Nv),thShN_V — UhSh, (D
v

where b(Np, Ny) is the number of mosquito bites per human per unit of time. The new
infected hosts become latent and leave this stage either by natural death or entering
the infectious stage after an incubation period of 1/vy. Hence, the dynamics of latent
host is given by:

. 1
Ep = b(Np, Nv)ﬂvhshﬁv — (un + vh) En. (2)
v

The hosts’ incubation period is important for vector-borne diseases in general and
vector-borne zoonoses in particular. For instance, the latency period for the Japanese
Encephalitis Virus is 10 days in pigs (Khan et al. 2014) and 5-15 days (Centers
for Disease Control and Prevention 2015b) for humans. Humans are dead-end hosts,
that is, although deadly, the parasitaemia is insufficient to infect biting mosquitoes.
Similarly, the incubation period of TBRF is 7 days (Dworkin et al. 2008; Southern
and Sanford 1969). For other tick-borne diseases, the incubation period varies from
more than 2 weeks and up to 9 weeks (see Centers for Disease Control and Prevention
(2015a) for an overview of the incubation period of tick-borne diseases). The long
incubation period of some zoonoses (for instance, in Chagas’s disease case, human
host may stay asymptomatic his/her whole life), compared to their infectiosity period,
make it indispensable to incorporate a latent class in the dynamics of zoonoses.

After the incubation period, the latent host enters the first stage of infectiousness,
namely /. The evolution of the latter follows,

It = vhEn — (o +m1 + yD 1.
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The infected hosts I leave this stage either by natural death at a rate up, through
recovery at a per capita rate 1, or by progressing to the second stage of infectiousness
at a per capita rate of y. Hence,

L=yl — (un+m+y)h.

Similarly, fori = 3,4, ...,n — 1, the dynamics of the infected at stage i is captured
by:

ii =vi—1li—-1 — (un +ni + v 1,

and

I, = Vn—lln—l — (un + nn)ln-

Hosts’ stage-structured infectiousness in vector-borne zoonoses have long been

recognized in the literature (Cruz-Pacheco et al. 2012a; Homer et al. 2000; Velas-
cohernandez 1994). Although a review of the epidemiology of VBZ is beyond the
scope of this paper, we present in the following a list of some known VB zoonoses
to justify the rationale behind incorporating an stage-structure host infectiosity in the
host’s dynamics.

Tick-borne relapsing fever (TBRF): Caused by Borrelia spirochetes and trans-
mitted by ticks of genus Ornithodoros, the infection has two main stages after the
latency period: the febrile and afebrile stages that last on average 3.1 and 9.25 days,
respectively (Southern and Sanford 1969). Moreover, according to Southern and
Sanford (1969), although there is an average of 3 stages (or relapses), up to 13
relapses could be observed in TBREF. It is worthwhile to note that different nomen-
clatures have been used to describe different infectious stages during an infection.
The terminology of stage progression is used in mathematical modeling (Guo and
Li 2006a; Guo et al. 2012; Iggidr et al. 2007), whereas the relapses is used more
in ecology (Johnson et al. 2016; Palmer et al. 2016; Southern and Sanford 1969).
American Trypanosomiasis: After an incubation period of 1-2 weeks, the infec-
tion, also known as Chagas disease (caused by the parasite Trypanosoma cruzi
and transmitted by the vector kissing bug), has three main infectious stages: acute
(lasts 4-8 weeks), indeterminate, and chronic. In the first two stages, symptoms
might be absent, mild or unspecific. Similarly, for the African Trypanosomiasis,
also known as sleeping sickness, there are two main infectious stages (Franco
et al. 2014) after a 7-year incubation period (Wengert et al. 2014). In the first
stage, the parasitaemia is in the peripheral bloodstream, whereas in the later stage,
the parasites enter the nervous system. However, during this long latency period,
the parasitaemia in the bloodstream is considered to be sufficient to maintain the
transmission cycle (Wengert et al. 2014).

West Nile Virus: Transmitted to different species mainly by Culex mosquitoes,
WNV has different pathogenicity depending on the host species under consider-
ation. For humans, there is an asymptomatic stage of 3—14 days and two main
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infectious stages, namely West Nile Fever, and West Nile neuroinvasive disease
(WNND).

The recovered hosts are replenished by the sum of the infected of all stages who
recovered from the disease and are reduced by the natural death rate. As the recovery
rate of infectious hosts at stage i is n;, the dynamics of the recovered are given by:

n
Ry = th — MnRh.
i=1

The susceptible vectors are recruited via a constant recruitment A, and die at natural
death rate of u, or via control measures at a rate of §,. The infection of susceptible
vectors occurs after biting an infectious host. The total number of infectious hosts is
>, I;. However, for many vector-borne zoonoses, it is reasonable to assume that
the vector’s infectiousness to hosts’ early stages of the infection differs from that of
later stages as the parasite load in infectious individuals increases with respect to the
duration of infection. Therefore, by denoting B; as the infectiousness of the host at
stage i to vectors per bite and a as the biting rate, we incorporate the differential infec-
tiousness of vectors to the stage-structured infection of the host. Hence, the dynamics
of the susceptible and infected vectors are, respectively, given by:

SV = Ay —aSy L — (v -+ 8yv) Sy,
Nn

i=1

Ev =aly Z h — (uy + vy + 6y Ey,

i=1

and
jv =wEy — (uy +8y) 1.

By the conservation law, the total number of bites on the host by mosquitoes (aVy)
should equal the total number of bites received by host (b(Ny, Ny) Np). Therefore,

b(Nn, Ny)Nn = aNy,
or equivalently,
aNy
Ny

By plugging (3) into (1) and (2), the overall dynamics of the host-vector interaction
are given by the following system:

b(Nh, Ny) = 3
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Fig. 1 Flow diagram of Model 4

. 1.
Sh = An — @ Byh Sh — — [thSh
Nh

. I
Eh = a Byh Sh — — (th + vn) En
Nn

Ly =wEy — (v +m +yDh
L =yili = (un +m+y2)ha

Lot = Yo-2lo2 = (un + a1 + Va1 o 4)
In = yn—1ln—1 — (th + 1) Iy

. n
Ry = Zi:l nili — un Ry

. n i1
Sy = Ay —aSy Zi:l 'B]Q_ht — (uy + 8v) Sy

. n Bil;
Ey = asS, Zi:l 1(,—}1’ — (v + vy + 8)Ey
iv =wEy — (uy +8y)1y

The flow diagram of System (4) is represented in Fig. 1, and the parameters are
described in Table 1.

The subsystem describing the dynamics of the host is triangular, and hence we can
disregard the dynamics of the recovered host R},. Moreover, the dynamics of the total

host and vector populations are given by Nh = Ap—punNp and NV = Ay—(un+3y) Np.
Hence, we can deduce that:

. Ah o . Av o
lim Nhp = — =N, and lim Ny = — = N,.
t—00 Mh —>00

My + 8y ’

@ Springer



D. Bichara et al.

Table 1 Description of the parameters used in System (4)

Parameters Description

Ap Recruitment of the host

Ay Recruitment of vectors

a Biting rate

Uh Host’s death rate

Bv.h Vector’s infectiousness to the host per biting

Bi Infectiousness of the host at stage i to vectors per biting
Vh Host’s rate at which the exposed individuals become infected
n; Per capita recovery rate of an infected host at stage i

Vi Host’s per capita progression rate from stage i to i + 1
Iy Vectors’ natural mortality rate

Vy Vectors’ incubation rate

Sy Vectors’ control-induced mortality rate

By using the theory of asymptotically autonomous systems for triangular systems
(Castillo-Chavez and Thieme 1995; Vidyasagar 1980), we can say that System (4) is
asymptotically equivalent to:

. Jé
Sthh—a,thShN_V—,U«hSh

h
. I
Enh = a Byh Sh = — (tn + vh) En
. Nn

Iy = wEp — (un +m + v

L=yl — (uh +m +y2) 2 )

In 1 =vnoly—2— (un + -1+ V-1 In—1

jn = Vn—lIn—l - (/Lh + nn)ln
) _ Bil;
Ey=a(Ny—E,— 1)) ", T — (v + vy + 8y) Ey
. h

I, = vwEy — (y +8v) 1y

Variations of this model have been considered in the literature. Indeed in modeling
tick-borne relapsing fever (TBRF), in Johnson et al. (2016) and Palmer et al. (2016)
considered an SIR-SI model where the dynamics of the infected host is structured
into n stages. However, these authors assume that the transmission from vector to
host is homogeneous with respect to the host’s stage of infection. Authors in Guo and
Li (2006b), Guo et al. (2012) have investigated SIR and SEIR multi-stages models,
respectively, although their systems describe infections that are directly transmitted,
that is, not coupled with an arthropod vector. Model (5) is an SEIR-SEI type with

heterogeneous infectiousness of vectors. When —, — — 0, that is, when the mean
Vh Vy
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latency period is 0, Model (5) is the limit of an SIR-SI model proposed in Johnson
et al. (2016) and Palmer et al. (2016). In many vector-borne diseases, zoonotic or
otherwise, the incubation period of the vector is relatively short compared to the
length of infection, as most arthropod vectors die while infected. However, mosquito-
borne diseases have a characteristic that differ from latter. Indeed, mosquitoes live for
only a couple weeks and the incubation period is often nearly 2 weeks, which means
the incubation period is on the same scale as the vector lifespan and most vectors die
before they become infectious. Moreover, most mosquito-borne disease models show
a high sensitivity to this incubation period. Therefore, for the sake of generality, we
assume that the dynamics of the vector is captured by an SEI structure. Also, Park
(2004) has proposed an SEIR-SEI stage progression model. In the abovementioned
papers, the authors derived the explicit expression of the equilibria and studied their
local stability. However, the global analysis of the asymptotic behavior of these models
is lacking.

Remark 2.1 In Johnson et al. (2016), the authors assume different natural death rates

0.01
in each of the infected classes but assume that yu; = - for all i. In Model (4),

we assumed that all death rates are equal. However, it is not difficult to transform
System (4) into a system with different death rates in each class. Indeed, by choosing
An = usSh + wgEn + 27:1 wnili + wrR, the total population will be constant,
and by converting the variables into proportions, we obtain exactly System (5). This
mechanism of making the recruitment density dependent to stabilize the total pop-
ulation is called “density-dependence compensation” and has been identified in the
literature (McDonald et al. 2016) [but see also Anderson and May (1981), Thrall et al.
(1993)]. However, in cases in which there is no dependent compensation and that the
vital dynamics is captured by a constant recruitment and a disease-induced mortality,
the total host population will no longer be asymptotically constant and the results
obtained in this paper may not hold.

System (5) could be written in a more compact form as follows:

. JE
Sh = Aner — a Bvh Sh N—V — uhSh
h
. I,
In=a Sh—=—e; + AL
h ,Bih b, ¢! h ©)
5 NV_EV_IV 0
Es=a——F—— ‘I — + vy, +6)E
‘v a Ni <<ﬁ> h> (py + vy v Ey
Iy = wEy — (uy +8v)1y

where In = (En, I1, ..., )T, e1 = (1,0,...,0)T € R"™, B = (B1, B2, ..., B)T,
(x| y) is the canonical scalar product (here in R”*1), and A is given by:
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—(v+ un) 0 0
v -] ... 0

A= 0 Y1 —ar ... 0 ’
0 Yn—1 —0n

where a; = y; + 1 + pun, fori =1,2,...,n—1and o, = 1, + Wn.
In the following lemma, we prove that the solutions of Model (6) remain positive
and bounded, that is, the solutions are biologically substantiated.

Lemma 2.1 The region defined by

n
Q= {(Sh, En, Ii, Ey, I,) € R \ Sh+ En+ Y Ii < Noo Ev+1y < Nv}
i=1

is a compact attracting positively invariant set for system (6).

_ _ A
The disease-free equilibrium is Eg = (Sp, Ogn+3), where Sy = —h. This equilib-
M
rium always exists and it belongs to €2.

The infected compartments of System (6) are the sum of F and V where

) a Byn Sh N_Vhe]
Fy, Ey, 1) = NV—EV—IV<<0) ‘ > and
g—— v Iy
Nn B
0
Al
YV, Ev, Iy) = —(wy +vy + 6y Ey

wEy — (uy + 801

Let F = DF(y, Ey, Iy) and V = DV, Ey, I,) be function-valued matrices eval-
uated at the DFE. We obtain:

0_n+1,n+1 0 aBwer

N.

F=|a=0," 0 0 and
Ny

01 041 0 0

A 0 0
V= 01,n+1 —(wy + vy + 8y) 0
01,41 Vy —(fy + dv)
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Given the particular form of A, it is not difficult to verify that:

1
0 0
V + [h
v 1
_— — 0
a (v + in) aj .
—AT = nr no_— . o] @
ajaz (v + ph) ajay o
ey e D
ap...anp(v+ un) ap—10, Oy
Hence, the next-generation matrix is given by:
0,1 . a Bynvy el a Bvn e
+1n+
| _n " (v +vy +8)(uy +6) Uy + 38
_Frv-1 = N,
Fv —a =0, p)TA™! 0 0
Ny
01,141 0 0

The basic reproduction number, defined as the average number of secondary cases
produced by an infected host during its infectious period while interacting with a
completely susceptible population, is computed using the next-generation method
(Diekmann and Heesterbeek 2000; van den Driessche and Watmough 2002). Denoted
by Ro, it is the spectral radius of the next-generation matrix —F V ~!. Therefore, for
Model (6), the basic reproduction number is,

2
R2 a“ Bynvy
0

N _

= —0. )" (=A Dey
(ty + vy +8y)(Ly + 8v) Ny

o azﬂvh]\_]vvv‘}h Zn: Y1iY2 ... Vi—1 B with yo = 1

= = : - 1.
Nu(py + vy + 8y) (y + 8v) (Vh + in) ey ... o

i=1
This quantity is intrinsically tied to the dynamics of the disease as we will discuss in

the next subsection.

2.2 Global Stability of the DFE

By the derivation of the basic reproduction number, the DFE is locally asymptotically
stable if R% < 1 and unstable if R(z) > 1 (Diekmann and Heesterbeek 2000; van den
Driessche and Watmough 2002). The following theorem provides a global result.

Theorem 2.1 The DFFE is globally asymptotically stable if R% <L

Proof The instability of the DFE when R% > 1 follows (van den Driessche and
Watmough 2002). As for the global stability of the DFE when R% < 1, let us consider
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the candidate Lyapunov function:

V(Iy, I,) = LMy) + ey 1 Ey + ¢y 2y

where
n
L(Iy) = coEn + Zci I,
i=1
. V + vy 48 . _
with ¢y = —_h, Cyp = ucv’l and the coefficients ¢; for i =
a Vy
1,2,...,n—1 arevgiven by the following induction relationship:
v
co = 1
)é-i- Mh
1 1 1.--Vn—-1
1 =—+y_ﬁ2+"'+%ﬂm
o1 10 a1 ...0y, (8)
Ci+1 = — (xjci —ﬁi), for i=1,2,...,n—2,
i
Bn
ch=—.
(273

The derivative along the trajectories of the system is:
V(Iha Ey, Iy) = E(Ih) + CV,IEV + CV,2iV

n
= COEh + Zciji + CV,IEV + Cv,2iv
i=1
Iy
= co | a Bvn Sh T (pth +vp)En ) +c1 (vhEn —aily)
h
n
+ Z cili + Cy,1 E, + Cv,2Iv
i=2

I
= ¢0a Byn Sh N—V —crardy +c2 (yily —oxlp)
h

n
+ Z Ciii + Cy,1 Ev + CV,Ziv
i=3

I
= coa Byh Sh N—V —craply + (crap — By — coonlp
h

n
+ Z Ciji + Cv,lEv + CV,ZI.V7
i=3
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since c2y1 = a1c1 — 1. Therefore,

Iy
vah,Ev,I)—coaﬁvhshN —ﬂ111—0206212+2611 +cv1Ey + cvaly.
i=3

Similarly, by using successively the induction relationship (8), we obtain,
V(IhvEVsI ) = coa Bvh Sh = Zﬂl i

+ov (a(Nv —Ey— L) Z Pl i+ + 8 E, )

is1
+cv2 (WEy — (uy +6v)1y) . )

Considering the expression of ¢y, 1 and cy 2 along with the inequality S, < Ni, Equality
(9) leads to:

Nh(ﬂv + vy + 8y) (v + 8V)

VI, Ey, IV)—coaﬁvh - 1 — (Ey +1)Zﬂ,1 — I,
P aN Vy
N +v+6 +6
_ COa/th > ] —(Ey + 1) Z,let . h(iy A% v) (ILy V) I,
P aNVvV
Sh Nh(,uv + vy + 8v) (y + 5\/)) -
= | coaPvh = — — I,—(Ey+1 i1
<0 IBV Nh anVv v ( s v) ;ﬂl i
Nh(ﬂv+vv+5v) 2 NV‘)V Sh
=—— = |coa" Bz — 1)
aNyvy Nh(py+ vy+ 8y) (Ly + 8y) Np

n
-1 Zﬁﬂi
i=1

N 8 6 S n
Nty v+ 80 (ay + 84 (Rz_h_ >1V_1V > pili.

aNyvy Ny
Ve VIV Y
since cp = E 172 vzl Bi. Thus, we conclude that
vV + Uh a0 ... O

V(Iy, Ey, I) <0,

whenever R(Q) < las S, < Np. Moreover, V(Ih, Ey,I,) =0if I, =0orif Rg =1,
Sh = Np and Z?:] ,Bi‘li = 0. Hence, we deduce that the largest set contained in
{h, Ey, Iy) € Q | Vy, Ey, Iy) = 0} is reduced to the DFE. Since the set 2 is
compact and positively invariant, by LaSalle’s invariance principle (Bhatia and Szego
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1970; LaSalle and Lefschetz 1961), the DFE is globally asymptotically stable on 2.
The attractiveness of © makes the DFE globally asymptotically stable on R**4. O

2.3 Endemic Equilibria

In this section, we discuss the existence conditions for the endemic equilibrium and

investigate its global stability whenever it exists.
Let (S, I}, EY, LY )T > 0 be an endemic equilibrium for Model (6). Therefore

(SF I, Ex, I1)T satisfies the endemic relations:

*

1
0=An—apwmS; = — unSy
0=apwmS; N—V — (un + vn) Ej;
h
23}
By =l
=T
an
IF — Ql* _ Y1V2 I
37T w3 2T wmaz ! (10)
. VYn—2 YiV2 . - Vn-2
I =—I = —"———If
e e
I;,k _ Vn—ll;lk_1 _ Yiy2 . ~-7/n—111*
oy, 0a3...ay
0=a(Ny— Ef =) Y7, N — (fty + vy + 8 E}
h
0=wE} — (uy+ )1

where o; = u; + ni + y;. It follows from (10) that there is an interior endemic
equilibrium if 7" > 0. Moreover, we can deduce that:

n
1 172 ... —1
Z,Bl_[i*zll*<,31+Z_252+...+u/3n)

N o ...0,
i=1

(11)

=O£1C1]1*.

The first equation of (10) implies that:

N, a I*
St = h Nh _ and Ef = Bvh unl _
h + aBvh— Mh‘i‘vhuh_{_aﬁhl_—"
% i % N

After some algebraic operations, we successively obtain,

o (un o) (y + 8)un Ny (R — 1)
Yo (un A vn) (y + 8y)aByn + a2 Buncivhiin
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ity + 80)Np(R3 — 1)

Ef =
acivpin + (ty + 8) (un + vn)R3

and B
Pnvh (fty + 8y)Np(R3 — 1)

acicyvpin + o (1y 4 8¢) (n + v RE

If = (12)

where ¢ is defined by the relations (8). Hence, relations (11-12) and the endemic
relations imply that (Sp, It, EY, I T > 0 if and only if R% > 1. The next theorem

VooV
gives the asymptotic behavior of this equilibrium whenever it exists.

Theorem 2.2 The endemic equilibrium for the multi-host Model (6) is globally asymp-
totically stable whenever R(z) > 1.

Proof Let us consider the Lyapunov function

n
W = bo (Sh — S log S + En — Ef log Ev) + Y _ bi (I — I} log I;)
i=1
+v1 (SV — Stlog Sy + Ey — E} log EV)
+vy (I — I log1y) + K

where
K = (85— Silog S+ Ef — Eflog EY) +vp (I — I log IYY)
+bo (S — Sp log S + Eff — Ey log EYY)
n
+ Y b (I = I log I})
i=1
and b;, fori = 0,1,...,n, and vy, vy are positive constants. The function W is

therefore positive-definite with respect to the endemic equilibrium. The challenge is
how to choose these coefficients to make the derivative of WV along the trajectories of
(6) negative-definite. To ease the notations and WLOG, we denote

_ 1 — _ _ _ 1
ﬁ,-=aﬂ,-N—h, Bn= ..., 5" and ﬂv=aﬂvhﬁ—h.

The derivation of W along the trajectories of (6) is as follows:

*

: S; -
W=by(1- 5 (An = BySuly — 1tnSh)
EX\ , -
+ bg <1 — E_E> (;%ShlV — (un + Vh)Eh)
*

IF n ’
+ by (1 - 1_11) (vhEp —arh) + Zbi (1 - —> Vi—idi-1 —oil})

i=2 !

~
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S* n _
+ v (1 — S—V> (Av — Sy Zﬁi[i — (v + 5V)Sv>
v

i=1
E* =
+ v <1_E_V> SVZﬂiIi_(MV+UV+8V)EV
v i=1

I*
+v2 (1 - I_V) (WEy — (uy +8y)1y) . (13)

v

By grouping all linear terms of (13) in Ey,, I;, fori = 1,2, ..., n and [, and denoting
it by L, we obtain after lengthy computations and arrangements:

. ~T
L= (bTA oS ﬂh> Tn + (b1 — bo(ien + vn)) En
+ (vavy — Vi (wy + vy +6v)) Ey
+ (boﬁvsff — vy + 3v)) Iy (14)

where bT = (b, by, ..., b,) and A is the submatrix A obtained by removing the first
row and first column. We choose b, by and v; that cancel the coefficients of I, £}, and
E,, respectively. That is,

- - - 1)
b:—vlS\’,“Afr,Bh, by = th by and vzzwvl.

More precisely, from the expression of b and using endemic relations (10), the first
component of b could take the following different forms:

b1:v1S*Zyl 7/11—

5 1 5 Yi---Vn—1 5
=us; (a—ﬁ1+mﬂz+-~-+—”aﬁn>

ajon
1 e Vel =
= SF — <,3 4 /32 NI Mﬂn)
ay...0p
1 Zn /31
— S* =17 1 15
V| o I* (15)
Also, by could clearly be expressed as
Vh
by = by
Mh + Vh
1Y BT
L (16)

ph+vn o e IS
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The use of (16) cancels the coefficient of Iy in (14). Indeed,

w4 on Y e I

bOBvS;: — v2(y + 8y) BVS;: — (v + 8y)

Vh

N m v Zf“ BuSk — va iy + 8y)
1

=V

(un + vh)E}

=v1 (y + vy +6) E;k — v (py +8y)

(py + vy +8y) E:; ,évS};'< —v2(py +8y)

1
= /3 5] (N«v + vy + dy) E* ﬂvSh — v2(fy + 8y)
V*~h V
*

E
=1 (y + vy +8y) I—: — vy + 8v)
v

Sy

n
=v1 (y + vy +6y) -

—v2(uy +8y)

v

=0.

Therefore, with this'choice for b, by and vy, all linear terms in (13) cancel. The
remaining terms in V are:

W= (1 - S_V> (Ay — (y + 8y)Sy) +v1(uy + vy ‘i‘sv)E>k - UI_SV Zﬂz i

v

I . Sh
- UZVVEVI_ + v (uy + (SV)IV +bo|1— S_h (An — inSh)

v

IikEh

_ E¥
+bo <(Mh + ) Epy — ,BvSthE_:> +bi(un +m + yDI{ — by,

! ¥ I

* I

+ X;(bi(l/«h+77i+)/i)li*_bi7/i—l : 7 )
i=

*

1
+ by (un + nn)l;,k — bpyn-1 i

n—1

n
*

Sy Sy
= v (by + 8) Sy (2 - S— - §> +2v1(y + vy +8V)E]
v

Ay

*Sv
—vi(uy + vy + 5V)EV S
v

Ef - Ir
— V] E_:SVZﬂiIi - U2VVEVI_V + vy + 5V)I\>;I<

v
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S* S
+bounSp (2 — -+ — il +2bo(n + vo) Epy
Sh Sh
An
s O E
—bo(un + vh) Ef <+ + bo (—ﬁvShlv—
S Eq

*

1
+b1(un +n1 +yD Iy — bthEhI—ll

! ¥ I
I
+) <bi (un + i + v I = bivi-1- )

].
i=2 !
%

1
+ by (/Lh+77n)1 buyn—1 =

n—1

I,

By using the endemic relations and (15-16), by and b; could be written as:

Vh

by = by
Mh + Vh
_ Vh vlS*i Z?:l IBiIi*
Uh+vh o If

V1 g i Bili*
MUh+vn Y E;
gS* P Bi]i*'
Byt Sy

Hence,

*

=v Ay + 2v1 (py + vy + 8V)E* — vy + vy + 8V)EV R
v

*

E n 1*
—u S, S Bili - vav By vty + 801

v : v
i=1

* *SIT o EIT
+ boAn + 2bo(pn + va) Efy — bo(pan + vn) Ej; 5 + bo _,BvSthE_h

*

1
+b1(un +m1 + DI — 1711)}11‘5h[—l1

n—1

I I
+z;<bi(ﬂh+77i+)/i)li*_bi)/i—l 11,-1 )
=
I;;k n—1
+ by (n + 1)1y — buvn—1 i
n

Taking into account the construction of b;, we have
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n
2b0(pn + v Ef = 201 (y + 8) 17 = 20185 Y B},
i=1

LT
bi = U]S\T—Z/_l ’3] J
(n + i + v I

and,

It follows that:

W

v
! i=1

EV v * * * * Q.T* ?1(
_ETS Z,B,I + 457 Zﬁ, SVZ,B,»Ii 5

n— n *
DNCINIERIVIAS S
i=2 j=i

_ I 1
+BaSIL = BuSiL T

n fn—1

By separating the first index from the sum, we obtain:

n

W An _ Sk .8
U—I—Av+bo—+65*,8111 +6S*Zﬁ, —S;‘ﬂlll*s—‘\’,—SjZ,Bili* =
=2 i=2
—E—js,él SZﬁ Ev "S*,BI ———S*Z,B
E, vP1Ll — il E* [ 1144 E*] i
S S LS Ef L
— 8Bl b s 1*——5*  juciind Rl
ﬁ 1 S Zﬂl ﬁ IS; Eh [\ik
n
N I En
* * h v * 1
_SV Zﬁili?;FhE— Vﬂ IITE_S Z’Bl i IIETT
=2
I i

+Z S*Zﬂfl*_S*Z’B/j I; ]*

— _Av+b0’4— +2S*Z,8,1* S*Zﬂ, —*—E—s Z,Bl i

*

v
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Therefore,
w A
= Av + bo—h
V] V]

vspr (6o S S ES BT S SihEy Bl
v 1 SV S* Il* EV E* IV Sh S;I:Eh Ela_lkll

n n I* I
+> | Si > B S*Zﬂ, ,*I’Iﬁ[
i=2 j=i

By using the properties of nested sums, Y :_, (ZJ = u,wl) =y u 2322 wj,
we obtain,

=

DB =D AL —1)
j=i i=2

and

n_ I Ir-
k
girr ”* § Bil;
=i

i=2 \j

Finally,

W Ap ~ S*
O ) SO (0 Gl e At et s N
vl V+°v1+vﬂ‘1< S, S*IFE, Erl, S

Sh]VE Ehl* S* Sy EX
- Sk |5 e
SiIFEn  EfL * Z pi iy, SEIFE,

EI} St S\WE;  Enlf Il

Efl, S SiGEn  EfL o 1]1*1

J

By setting v; = 1 and replacing Ay and Ay by their respective values, the final
expression of W is:
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. Sy S S Sh
W = (uy +8,)S; (2—S—z—S—1)+bwhS;:< —S—i—s—;>
\4
+S*B I 6_5_3_&£E_$_ﬂ§_s_g_&‘l—ﬂ_ Enly
vl Se S¢IyE, E:xl, Sy S{I:En Eil
+S*Xn:/§~1* 5. Se  S\LEY  EV Sy (17)
VLT Sy SyFE, Erl, S
i— v vij Ev viv h
CSIE BT g il
SilvEn  ERh i LI '
. % Z?:l Bi Ii* . . . . . .
with by = §; —————. By using the geometric-arithmetic mean inequality, we

¥ (pn + vn) Ey
conclude that V is negative-definite, which proves the global asymptotic stability of
the endemic equilibrium. O

This result of global stability of the endemic equilibrium is new and extend the results
of Palmer et al. (2016) in which the endemic equilibrium is proven to be locally
asymptotically stable if R(Z) > 1 and R(z) is close to one. Theorems 2.1 and 2.2 solve
completely the global dynamics of the vector-borne staged progression model (6). The
basic reproduction number R(Z) acts as a sharp threshold for the disease in the sense
that the latter dies out if T\’,(% < 1 and persists whenever 7'\’,(% > 1.

Now that the dynamics of the single host-vector staged progression is solved, we

tackle the dynamics of multi-host vector-borne zoonoses in the next section.

3 Multi-host Vector-Borne Models

Vector-borne zoonoses are central in understanding the dynamics of zoonoses in gen-
eral as vectors play the bridging role in transporting the infection from one species
to another. Many zoonotic pathogens are shared in multiple hosts. For instance, for
West Nile virus, the pathogen has been found in more 300 bird species as well as in
other mammals such as horses, bats, and squirrels, among others (Marfin et al. 2001).
Therefore, it is important to investigate a general model that captures the dynamics of
an arbitrary number of host species interacting with an arthropod vector that bridges
the infection among hosts. In Cruz-Pacheco et al. (2012a,b), the authors investigated
the dynamics of Chagas’ disease and WNYV, respectively, with two host species. In
modeling TBREF, Johnson et al. (2016) proposed a two hosts and one vector model,
namely pine squirrels and deer mice. These two hosts are bitten by the same vector
(ticks).

Building upon the same scheme as in Model (4), we derive a multi-host vector-
borne zoonoses model with m hosts and n stages of infection. However, the infection
terms in the multi-host necessitates a detailed formulation as it differs from the one
host scenario. For instance, the equation of susceptible of Host j is given by

. I
Sj=Aj—bj(Nj,Nv),3vthF\;_thSha (18)
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where b;(N;, Ny) is the number of bites per Host j per unit of time. Hence, the total
number of bites on Host j is b;(N;, Ny)N;.
The equation of susceptible vectors is given by:

m n

: ! Bl

Sy = Ay — Z;ajﬁhvSvZ”Tj”“ — (1ty +80)Sy
/:

where a; is the number of bites per mosquito per unit of time on Host j.
By the conservation law, the total number of bites on Host j by mosquitoes (a; Ny)
should equal the total number of bites received by Host j (b; (N, Ny)N;). Therefore,

bj(Nj, Ny)Nj = a;jNy,
or equivalently,

a;Ny

Hence, for j = 1,2, ..., m, Eq. (18) leads to,
. I,
Sj=2Nj—ajPwnSj4~ = 1jSj-
J

Therefore, the dynamics of a model that captures the interactions between m host
species and an arthropod vector is given by:

Forj=1,2....m
Iy

Si=Aj—ajpy;S;— — 1S,
J J iBv.jSj N; Hjoj

. 1

Ej=ajPujSjz — (wj+v)En;

. j

Ijgn=vjEp;— (uj+nj1+vyi0l
Lio=vyjilj1—(uj+mnj2+vi2)l2

. (19)
Ij,nfl = Vj,n721j,n72 - (,u«j +njn-1+ yj,nfl)lj,nfl

Ijn—yjn lljn 1 — (Mj+77]n+yj,n)1j,n

So= Ay —ZaS Zin liilii 455,
]

E, = ZajSV—ZizliB"’l L (g 4 vy 4 8y) Ey.
j=1 N;
Iy =wEy — (uy +8y)1y.

Parameters in System (19) are described in Table 2.

@ Springer



Multi-stage Vector-Borne Zoonoses Models: A Global Analysis

Table 2 Description of the parameters used in System (19)

Parameters Description

Aj Recruitment of Host j

Ay Recruitment of vectors

aj Biting rate on Host j

Hj Host j’s death rate

Bv,j Vector’s infectiousness to Host j per biting

Bj.i Infectiousness of Host j at stage i to vectors per biting

vj Host j’s rate at which the exposed individuals become infected
Vy Vector’s rate at which the exposed individuals become infected
Uy Vector’s natural death rate.

Nji Per capita recovery rate for Host j at stage i

Vi Host j’s per capita progression rate from stage i to i + 1

Remark 3.1 Some authors Bowman et al. (2005), Dobson (2004) and Simpson et al.
(2011) assumed that the vectors’ biting rate is constant on all hosts (that is, vectors
bite a certain fixed number of bites a day regardless of hosts) and denoted by a. By
the conservation law,

bi(N; Ny) = 2V
J Vs Ny _ZTlej'

Our approach assumes that a ; represents the biting rate of vector on Host j. This differ-
ential vector biting rates on hosts embodies also the well-documented biting/feeding
preference of vectors with respect to the hosts (Johnson et al. 2016; Simpson et al.
2011). However, the two approaches are mathematically equivalent if the host popu-
lations are asymptotically constant.

System (19) models a range of modeling scenarios in vector-borne zoonoses. For
instance, if a subset K of the considered hosts carries the pathogen but are dead-end
hosts, that is, they do not spread the infection, it is sufficient to let B¢ ; = 0 for all
ke Kandi = 1,2, ..., n.Italso captures the case where different hosts have different
epidemiological responses to the infection. That is, by appropriately choosing the
parameters in System (19), the model could describe the case the infection follows an
SIR-type of structure for a collection of hosts and SEIR-type or SI-type with multiple
stage of infections for other hosts.
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With 8; = (Bj1,..., ,Bj‘m)T, System (19) could be written in a more compact vec-
torial form as:

. Jé

S1 = Arer —aify1S1= — 1S
1}/1

§r = Aser — arfy 28— — 125>
Ny

. 1
Sm = Apmer — am,Bv,mSmN_v — UmSm

m

. Jé
I =aipv1S1=e + A1l
Ny

. I, (20
I, = azﬂv,252_—e] + Al
N2
. I,
L, = am,BV,mSm—_el + Aply
N
m _
=Yoo (s)
E, = aj———— . ’Ij — (Uy + vy + ) Ey,
‘ ; Ny, j Bj
I, = wEy — (uy + 8y) 1.
where I; = (Ej, 11, Ij,z...,lj,n)T is the vector of infected of Host j (j =
1,2,...,m)and
—(vj +uj) 0 0
Vj —Olj,l 0
0 Vil —Qj2 0
Aj= ! o . .
0 Vjn—1 —Qjn
where o ; = v +nji+upj,forj=1,....mandi =1,2,...,n. The term a ;

represents the mean period for which infected population of Host j in stage i leave
this stage.

3.1 Basic Reproduction Number and Basic Properties
In this subsection, we derive the basic reproduction number of the multi-host system.

First of all, the solutions of Model (20) are bounded as a result of the following Lemma,
whose proof is straightforward.
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Lemma 3.1 The region defined by

n
2)+2
Q= !(Sj5Ej’Ij,i’EV7]V) GRT_(nJr )+ ‘ Sj +Ej +le’i
i=1

Aj . Ay
<—,forj=1,...m, E,+ 1, < —
Wi 123

is a compact attracting positively invariant set for system (20).

The disease-free equilibrium of Model (20) is (S*, Og+1m+2) with S* =[S}, S7, ..

Ay Ay Ay .

Sr1=|—,—,..., — |. The vector field of Model (20) could be subdivided into
M1 Mn2 Mm

new infections vector F and transition vector V where

,3‘ S| —
a —€
15v.1°1 Ny !

v
arfv282=e
N

Li,....5Ly, Ev, Iy) = I
Fd m vs Iyv) amﬂv,msm—ivel
N

2o (s )

1
0

and

ALy
Azl

V(I],.‘.,Im,EV,IV)Z .

AplLy,
—(py + vy + v Ey
wEy — (y +80) 1y

The Jacobian matrices at the DFE of F and V are F = DF (1,1, ...,1,, 1) ]DFE
and V = DV, 1, ...,1,, Ey, IV)|DFE and are given by:
0541,n+1 0541141 e - 0,111 aifv.ier
0141,n+1 0541141 e e 0,111 axfver
F= 0n+1.n+1 0n41.n+1 e R 0uv11 amBvmer |°
Ny T Ny T Ny T
a;— (0, ar»— (0, ceea,;—(0, 0 0
1N1 ©, B1) 2N2( B2) mNm( Bm)
0 0 0 0 0
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and
V = dlag(A13 A27 L] Am7 AV)!

where

Ao = (_(Mv+vv+5v) 0 )
v Vy —(y +6y) )

It follows that
—v-! = diag (—A;l, —A7N A —A;l).

Thus, the next-generation matrix is:

Ottt 01,1, a1 By 1) (AT
Ot 1041 0111, a2Byaen) (=AY
— 71: ’ '
Fv Ot T Ous1.1. amPrmen) (—AT")
N, _ N,
alﬁ:(o,ﬂl)T(—All) amA-TV(O,ﬂm)T(—A,;l) 012
m
01 41 01141 012

The matrix (—FV~")2 is of rank one, and its largest eigenvalue is:

" azﬂvjvv N.
Ri(m) = T ——(0,8)" (-A7") el
0 ; (1y + vy +8v) (1 + 8y) Np.j ! ( ! )
m
= ZR%’]’
j=1

where R%). f is the basic reproduction number when Host j is the only coupled host to

the vector. A more explicit expression of R% could be obtained by computing A]Tl.

Indeed,
1
_ 0
Vit W
L RS
aj1(vj =+ ;) @)1
- A7l = Vi1V il
aj1oj2(vj+ 1)) Qi1 o2
Vidl---Vjn-1Vj Yjn—1
aj1j. ..o, (V4 Ajn—1%jn
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Hence, we deduce that,

J Vj1Vj
+ B2
aj1(v; +u®j) ajaj2(vj+ uj)
Vidl---Vjn—1Vj
n
aj,laj’z...aj’n(vj—ku.j)
V; 1 27,1 n Vi1 Vin—1
j <,31 +ﬂ,/, Vi, +.“+/3j,nyj, Vin )
Vi 4+ W

0, B/)"(=A7Der = Bj1 .

+ B8;.,

Olj,l Olj,laj’z al,‘,lo{jsz...aj’n
n
Vj ViVj2---Vji-1 .
J J:17 ], Js
= Z ,3]",' with Vo= 1.

Vi 4+ W o %20
Finally, the basic reproduction number of a multi-host-vector model with n stages is
given by

m
Rim) =Y RG ;.
j=1

where

2g .
RE . = ajPr.jvy Nv v N VjYi2 e Vi
»J (v + vy +68v) (y +8y) Npjvi+u; PRI R IR RN

Bij.i-

This result generalizes the results of Cruz-Pacheco et al. (2012a,b), Johnson et al.
(2016), for which j = 2, and Palmer et al. (2016) for which j = 1. Similar remarks
hold for Bowman et al. (2005).

The overall basic reproduction number increases with respect to the number of host
species. Indeed, since the reproduction number for m host species interacting with an
arthropod vector is R% (m) = Z;"z 1 R(z), i by adding an additional new host species,
say m + 1, the new global basic reproduction number will be

m—+1
Rom+1) =Y Rf;
j=1
= RGM) + R 11
> RG(m).

Moreover, this implies that the addition of dead-end hosts, for which the basic repro-
duction number is zero in isolation, keeps the overall basic reproduction number
steady. However, it is worthwhile noting that an underlying assumption to this is that
the addition of the new host did not affect the biting or the transmissibility for the
vectors to the previous m hosts and vice versa. If this hypothesis is not satisfied, the
monotonicity of R% (m) with respect to host species may not hold. A similar, yet
contrasting, result has been obtained in Dobson (2004). Indeed, in Dobson (2004)
the authors found that the basic reproduction number in multi-host models, when not
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coupled with an arthropod vector, increases with host diversity for density-dependent
transmission and decreases for frequency-dependent transmission. Our model consists
of frequency-dependent transmission, but R% (m) increases with host diversity. This
contrast from Dobson (2004) stems from our modeling approach, particularly the total
number of vector bites on hosts. Indeed, as pointed out in Remark 3.1, we consider a
frequency-dependent infection process but in which the arthropod vector has a fixed
number of bites on each Host j, thatis b; (N, Ny). In Bowman et al. (2005), Dobson
(2004) and Simpson et al. (2011), the authors define b(Zl';'zl Nj, Ny) as the number
of bites on all hosts. The latter will lead to a factor of Z']": { N; in the denominator
of the infection term. Thus, increasing host diversity decreases the infection force and
therefore the basic reproduction number. In spite of this difference on the overall basic
reproduction numbers, the systems are mathematically asymptotically equivalent if
the host populations are either constant or asymptotically constant. Moreover, since
the hosts” populations are asymptotically constant, our transmission term could be
seen as density-dependent, for which the monotonicity of R% (m) coincides with that
of Dobson (2004).

3.2 Global Stability of Equilibria

In this subsection, we study the global behavior of the steady states of models describ-
ing VBZ, that is Model (20), with respect to the overall basic reproduction number
R3(m).

Theorem 3.1 The DFE is globally asymptotically stable for the multi-host Model (20)
whenever R(% (m) <1.

Proof We consider a barycentric-type Lyapunov function, a weighted sum of Lya-
punov functions of the one host case:

My + vy + 8y
BTV

VZZ[?J'[:]'—FEV-F

V
j=1 '

N.
where ,Cj =cjok; tcjilj1+cjolin+ -+ cjnljn and pj = a'/ﬂj’v]v v
h,j
The coefficients ¢;; fori = 1,2, ..., n are similar to those chosen in the proof of
Theorem 2.1. They are defined recursively as follows:
"y
J
Cj,o = Cj,l
Vit
Bj1 Vi1 Yjl---Vjn-1
cj1= (L + ]—ﬂj,z +o 4+ #ﬁj,n
Olj,l Olj,laj’z aj,lotj,z...aj,n
(22)

1 .
Cj,i-‘,-lzr(aj,icj,i_ﬂj,i)a Vl:l,...,n—z
Jst

Bn

Qj.n

Cjn =
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The derivative of V along the solutions of System (20) is:

m
g ~ . Wy + vy + 6y -
V=) pilj+E +——T—" VVV Iy,
j=1

where:
n
Lj=cjoE;+ ch’ilj*i'
i=1

By using the induction relationship (22) and as in the proof of Theorem 2.1, we obtain

£y = cjoaifuiSj < —, Zﬁ,, i (23)

i=1
Thus, the derivative of the function ) becomes:

V= Zl’] (cjoa,ﬂ” IAvE Zﬁjt Jl>

j=1

" _ ’!_ ol
+ (Zaj(NV —E,— Iv)% — (y +vy + 80 Ey

j=1 i

+ vy +6
+% (WEy — (y + vy + 8y 1)
v
m N7 n m n
L Bl
e S
=1 i=1 j=1 J

J Vv

= Si (v v +8) 1y +80)
} Pjcj, OajﬂVJN Iy
m

Z (Eot 1 )Zizl_ﬂjﬂj,i

o Nj
ZC Oaﬂ ;i_(ﬂv‘i“)v""sv)(ﬂv'i‘sv) I
Js v, / ]\—]] ]\—]] ])V Vs

Ny
since p; = a; T . Hence, we obtain,
J

m n
L BT
_Zaj(Ev Y1) Zl_ILBJJ Joi
o~ N;
j=1

+vy +38 +34 -
+ (y v v) (y v) ZRS
VV j:l ; J
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m n
L Bl
= _Zaj(Ev + Iv)%
j=1 J
+(Mv + vy + 8y (y + 8y)
Vy

< 0 whenever R%(m) <1.

(REom) — 1) 1y, since S; = Nj. V.

(24)

It is not difficult to see that the largest invariant set within {V = 0} is reduced to the
DFE, which is therefore globally asymptotically stable in the compact set €2 thanks
to (Bhatia and Szeg6 1967, Theorem 3.7.11, p. 346; LaSalle 1968, Theorem 3). Since
2 is an attractive set, it follows that the DFE is globally asymptotically stable in

Rm(+2)+2

O

Theorem 3.2 A unique endemic equilibrium exists for the multi-host Model (20)

whenever T\’,(%(m) > 1.

Proof The endemic relations of (20) are as follows, for j = 1,2, ..., m:
a1 a2
E; = lpe o= 202y
J 1 1 20
v J yia
andfori =2,...,n,
i
* _ Jol *
Liici=———1j;
Vj.i—1

Hence, as in (11) for the one host case, we can show that:

n
* _ . . *
D Bl =ajicial}y.

i=1

(25)

Indeed, the relationship (25) could be shown by expressing all components of the
endemic equilibrium in terms of [. From the first equation of (19), taken at the

equilibrium, we obtain:

A2
DL
DN+ aiB il
AT2
pro Wb WN; L
T mj v uiNi +aipy Iy N
_ ajBy, wiN; Iy
wj+vj y,ij —l—aj,BV’jl‘j‘
* Vi s
Ji1 aj1?
Vi ajpy,j wiN; Iy

aj1pj+viwiNj+ajpy il
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We can express, similarly, the expressions of 1 j’fi in term of I and by summing them
up, we obtain (25).
From the equation of vectors in (19) at the equilibrium, we obtain

m
Bj
0=(Ny—E; — I Z i ““—(uv+vv+av)E¢
m oiC; 1]
:( —E*—I Z Al j (,va‘|'1)v'|‘8v)E:/k
Z(Nv Mv+3 _I)Z ]O‘JI_CJI vj ajBv; _,U«ijlj
Vy ajipj+viuiNj+ajpyl¥

_ (ty + vy +8v) (y + 8v) I*
v

Vy
- vy + 8 viaiPy.j i1
:<Nv Mv+ v+v )Z ]lej/ﬁv,/ _M,/V -
Wj+vj wjiNj+ajBy;ly
_ (iy + vy + 8y) (Ly + dv) ]\;k (26)
Vy
Since the equilibrium is endemic I > 0, Eq. (26) is satisfied if, and only if:
0 — (N _Mv+Vv+5 )i jz'ﬂvvf Vjby
' = U v Gy o 8) (£ 80)
Y B
wiNj +ajBy L}
=f (1;*) (27)

The function f (1) is decreasing and f(0) = R%(m) — 1. Moreover, f (# iv‘fl/ 5 )=

—1 < 0. Hence, the equation f(/;) has a unique positive root in (0, Ny) if, and only
if £(0) > 0, that is, whenever R3(m) > 1.

Since the other components S;?, E;f, Il.*j,forj =1,2,...,mandi =1,2,...,n,
are uniquely expressed in terms of I, we conclude that there is a unique endemic
equilibrium in Int(£2) whenever R(z) (m) > 1. O

Theorem 3.3 The endemic equilibrium is globally asymptotically stable on R™ " +2)+2,

Proof We consider the following Lyapunov function

m
V=3 4jo(S; - Silog$; + Ej — E} log E )
j=1

m
S )
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+ Vi (Sy — S5 log Sy) + Vi (Ey — Ef log Ey)
+Va (I, — I log 1) (28)
where the coefficients V1, V2, Ajo, Aji,fori =1,2,...,nand j =1,2,...,m are

positive to be determined later. The function V is thus positive-definite.
The derivative of V along trajectories is:

Sy Sy i EY « it Biilji
‘V‘Z<""Zﬂ“ (‘sv‘s*msv e

]l 1 Vo
+ViAy — (Vi(uy + vy +8y) — Vavy) Ey — Va(uy +80) 1y + VZVVE:;

I T
—VzvajE* 7 +Z( j0ARj +Aj0aj,3v,jS_’;N—V <2— S—J - FFF]
=1

1
+Ajo (ajﬂv.js;f]\_/v.) —Ajo(nj +vij)E;j+Aj; (VjEj —aj1lj )
J

[*
—AjIVJE; (1 >+A/1a,11]1+2( ji (Vj,i—llj,i—l_aj,ilj,i)
Jil

i=2
A *
—Ajivji-11ji-1 K +Ajiajil;; )|, 29)
S* Sy S* S
where A, = (y +5v)S\>/k (2 — S_: S*) and Ah/ hS>1~< 2 — S—j — S—i)

We choose the coefficients A j; and V; in a similar fashion as in the one host case,
that is,

+vy+46
VZ_I‘LV v V‘/1
Vy

*
* 7V

Ajo(uj +v)E; = Ajoajﬂv,jsjﬁ

_Vla,_ (Zﬁ],”) forall j=1,2,....,m, (30)

i=1

and
1 S* [
\ * .
Ajl:mvlajﬁ Zﬁj’ilj’i forall j=1,2,...,m
S J \i=l
Also,
i Bixl} S
Aji =50y g, 2 forall 2<i<n—1,1<j<m,
ajily; Nj
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and

S*
Olj,,,Ajn = Vlajﬂj,vN_V_ forall 1< j < m.
J

We obtain

Sj[VE* Ej jl
_gl_*E E* +V12a1_ Zﬂ/’ll
7] v

v S j v
E; I}, T Ik
_E_f‘ IJ 1': Ij tAEW ZA”’
JUR = k=1 ik j=1

The function V is therefore negative-definite for any positive value of Vj, particu-
larly for V1 = 1. Since V is positive-definite, the global stability of the interior endemic
equilibrium on R +2+2 follows from the Lyapunov stability theorem. O

The result of global stability of the endemic equilibrium generalizes (Cruz-Pacheco
etal. 2012a,b) for an arbitrary number of hosts. Indeed, in Cruz-Pacheco et al. (2012a),
Cruz-Pacheco et al. considered and SIR-SI with two hosts in their model capturing
Chagas’ disease. The authors also considered the case where one host (humans) has
two stages of infections, namely acute and chronic. Our model considers an arbitrary
number of hosts and hosts’ infectious stages. Similarly, Cruz-Pacheco et al. (2012b)
considered a model describing NWV dynamics with an arbitrary number of hosts, but
the result of global stability has been done only for the two hosts case.

Remark 3.2 We have proved that the multi-host model (20) satisfies the sharp-
threshold property, that is, the disease dies out if R2 (m) < 1 and persists otherwise.
However, Rg(m) = ZT=1 where Rz is the basw reproduction number in the
presence of Host j only. Hence, Rz(m) < 1 i R%,J. <lforalj=1,2,...,

Thus, the eradication of the multi-host disease in one host is subject to the eradi-
cation of the disease from all hosts. However, the multi-host system could have a
basic reproduction number greater than one even though the reproduction number of
each isolated host-vector is less than one (see Figs. 2, 3). This phenomenon has been
observed in childhood diseases in a metapopulation setting where the disease could
persist globally even if the disease dies out locally (at patch level) (Lloyd and May
1996). For zoonoses, this phenomenon could be seen as follows: even if the infectious
hosts and/or vectors in a single host-vector system are small enough to prevent per-
sistence of the disease (that is ’R(Z)’ j = 1), the connection of a new host species may
lead to a new infectious transmission route, which in turn could trigger new infectious
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Fig. 2 (Color figure online) Simulation of two separate systems with one host each and four stages of
infection. The R(% j values are 0.52 for the host 1 population and 0.66 for the host 2 population. As
expected, the infected populations go to zero
5000
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Fig. 3 (Color figure online) Simulation of a two host system where there are four stages of infection
for each host. The R% i values are 0.52 for the host 1 population and 0.66 for the host 2 population,

giving a combined system R%(Z) = 1.18. The infected populations eventually go to the nonzero endemic
equilibrium

hosts or vectors. This, therefore, may make R%(m) > 1, and thus the disease will
persist for the two host-vector system.

In the next subsection, we provide a set of simulations that illustrate our analytical
results and showcase that control strategies that target host-vector system in isolation
may not be sufficient to eradicate VBZ.
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3.3 Simulations

To illustrate the previous theoretical results, we run a set of simulations of a two
host system with four stages of infection, that is m = 2 and n = 4. Unless otherwise
stated, the baseline parameters for the simulations are those given in Table 3. For these
values, the overall basic reproduction number is R%(Z) = 1.18. Figure 3 shows that
the trajectories of the solutions representing the infected populations for all stages for
both hosts tend to a nonzero endemic equilibrium as predicted by Theorems 3.2 and
3.3. However, if the two hosts are considered separately, the system behaves as two
isolated host-vector systems, with the same parameter values, the corresponding basic
reproduction numbers are R(ZM = 0.52 and R(z)’z = 0.66 and therefore the disease
dies out from both hosts and the vector population as portrayed in Fig. 2 and stated
in Theorem 2.1. Figures 2 and 3 exemplify also Remark 3.2, in which it is noted
that controlling VBZ in each species in isolation, does not lead necessarily a complete
control of VBZ. A coordinated effort in all host species and vector population is needed
to steer the overall basic reproduction number below unity, and therefore eliminating
the disease in all host species and vectors. Also, the simulations capture that host

Table 3 Parameters used in the

simulations Parameter Host 1 Host 2
Aj 100 100
Bv.j 0.2 0.2
Wj 1/28,875 1/28.,875
vj 1/15 1/15
aj 0.37 037
Bj,1 0.2 0.2
Bjn2 0.3 03
Bj3 0.4 0.4
Bja 0.5 0.5
nj,1 0.01 0.01
nj2 0.007 0.007
nj,3 0.004 0.004
nj,4 0.001 0.001
Vi1 0.125 0.125
vj2 0.01 0.0875
Vi3 0.05 0.05
Vj4 0.025 0.0125
Ay 10,000
123% 1/15
Sy 0.001
Vy 0.25
RG; 0.52 0.66
R3(Q2) 118
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diversity increases the prevalence of the disease, leading to the “amplification effect.”
By choosing the values of 8s lower than those given in Table 3 will lead to the overall
basic reproduction number R%(2) < 1 and the simulations show that all infected
population tend to zero as proved in Theorem 3.1. Alternatively, if the parameters are
chosen such that R(Z)’l > 1 and ngz > 1, the trajectories of the isolated host-vector
systems converge to an endemic equilibria as expected (Theorem 2.2). We decided
not to displays the figures of these cases.

4 Conclusion and Discussions

Mathematical models of zoonoses have often been investigated when the transmission
is direct, in which case, these models could be seen as multi-group models that well
investigated in the literature. However, most zoonotic pathogens are spread through
arthropod vectors such as mosquitoes, flies, fleas, ticks that transmit pathogens across
species.

We considered a general host-vector SEIR-SEI model where a host’s infectious state
is subdivided into n classes, each of which has a different infectiosity to the vector.
We derived the basic reproduction number R(2). Our results show that the dynamics
of the model is robust and is tied to R%. The disease-free equilibrium is globally
asymptotically stable (GAS) if RZ < 1 and unstable otherwise (Theorem 2.1). A
unique endemic equilibrium exists and is GAS whenever 72% > 1 (Theorem 2.2).

We extended the host-vector-staged progression model to m host species interacting
with an arthropod vector to obtain a general framework in modeling a class of zoonoses.
The basic reproduction number R% (m) for the system with m hosts is derived and
happened to be the sum of basic reproduction number of the host-vector systems when a
unique host is interacting with the arthropod vector, that is, R(z) j forj=1,2,...,m.
We proved that the system with m hosts remains robust as its asymptotic behavior
is solely determined by R%(m). The disease dies out from all hosts if R(Z)(m) <1
(Theorem 3.1) and persists in all hosts if R(z)(m) > 1. Moreover, we proved that a
unique endemic equilibrium exists and is globally asymptotically stable if R% (m) is
above unity (Theorems 3.2 and 3.3 ).

However, the disease might persist in all hosts, that is, the global R(z)(m) could
be greater than unity even if R%’j < 1for j = 1,2...,m, that is, for all hosts.
Therefore, host heterogeneity favors the spread of the infection, and thus causes the
so-called “amplification effect” (Miller and Huppert 2013) as opposed to the “dilution
effect” (Miller and Huppert 2013; Ostfeld and Keesing 2012; Salkeld et al. 2013),
for which the increase in host diversity could potentially decrease or drive out the

pathogens (Ostfeld and Keesing 2012). As R%(m) = Zm ' R(z) j and considering
j= '

the GAS of the unique endemic equilibrium, we deduced that the persistence of the
disease in one host-vector system is sufficient to ensure persistence in all hosts. The
overall mitigation or elimination of vector-borne zoonoses requires control strategies
that bring the basic reproduction numbers in all hosts significantly below unity, and
therefore reduces the disease burden in all hosts. Hence, this paper encompasses and
reinforces the One Health (Centers for Disease Control and Prevention 2017) concept,

@ Springer



Multi-stage Vector-Borne Zoonoses Models: A Global Analysis

for which human, animal and ecosystem health are ecologically interconnected (One
Health 2017).
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