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MARKS OF A CSUF GRADUATE FROM 
THE COLLEGE OF NATURAL SCIENCES AND MATHEMATICS

Graduates from the College of Natural Sciences 
and Mathematics:

Understand the basic concepts and principles of science and mathematics.

Are experienced in working collectively and collaboratively to solve problems.

Are adept at using computers to do word processing, prepare spreadsheets and graphs, 
and use presentation software.

Possess skills in information retrieval using library resources and the Internet.

method to ask questions, formulate hypotheses, design experiments, conduct 

Appreciate diverse cultures as a result of working side by side with many people 

In many instances have had the opportunity to work individually with faculty in conducting 

students generate original data and contribute to the research knowledge base.

Have had the opportunity to work with very modern, sophisticated equipment including 
advanced computer hardware and software.
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appear simple, reveal mechanisms which have evolved from a primary 
conceived human idea. Anything under the proper light can appear 
beautifully complex. 
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Abstract

as sand, silt, and clay indicated that the southern middle portion of the fan 
is suitable for recharge. Determining a suitable recharge location prompted 
further investigation on the recharge water impacts on water quality. Chromium 
impacts the water quality and the concentrations were graphed to determine the 
concentration versus distance traveled from the source. The chromium source 

in high concentrations in sediments at the base of the Wrightwood watershed 

between our sediment samples and the concentrations of chromium in water is 
an inverse relationship.

Erik M. Cadaret
Advisors: Dr. W. Richard Laton and Dr. John H. Foster

Hydrogeologic Investigation of the Sheep Creek Fans Regional 
Aquifer and Chromium’s Origins and Impacts on Water Quality, 
San Bernardino County, CA
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Abstract
Glaciovolcanic deposits are deposits that form during the interaction of lava 
with glacial ice and/or melt water. Pyroclastic deposits that form under these 

that form under surface conditions by their unique textures including, but 

well-documented that subglacial rhyolites observed in Iceland and other 

on the surface of glassy pumice fragments, especially within vesicle hollows. 
The presence of these features and more within volcaniclastic deposits 
have often been used to argue that the deposits occurred from subglacial 
eruptions. Therefore, some macroscopic structures have also been used to 

glaciovolcanic origin based on their textural characteristics. The presented 
textures and structural features of these units are similar to those described in 
Icelandic rhyolites and other subglacial rhyolite deposits. Few publications on 
the LCD rhyolite are known, thus very little has been documented about this 
location. This study pioneers the textural analysis of the LCD deposits and 
describes microscopic features that have been compared with other known 
glaciovolcanic deposits to argue in favor of a subglacial origin.

Introduction
Although there are many publications on lithofacies analysis of glaciovolcanic 

          The rhyolites of LCD display unique textures that are comparative to 

suggests the erupted material came into contact with glacial ice and/or melt 

lava-ice contact margins. In addition, the deposits have bimodal distributions 

glass particles that typically accumulate to form aggregates on the large 

John F. J. Hennessy
Advisor: Dr. Brandon Browne

Evidence for Glaciovolcanism at Long Canyon Dome, 
Sierra Nevada, California

Figure 1 – Google Earth image showing location of Long Canyon Dome (target marker with white arrow 

pointer) in the southern Sierra Nevada mountain range approximately 10km west of Olancha Peak and 

within proximity of 3 other rhyolitic domes: Kern Peak, Tem pleton Mtn, and Monache Mtn.
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clasts, especially in vesicle voids – indicative of subglacial or phreatic tephra 

perennial alpine glaciation had extended to this region of California during 
the Pleistocene and further geologic mapping of the deposits may aid in 
assessing the paleoclimate of this region at the time of the LCD eruption. 
If alpine glaciation was prevalent during eruptions of the other southern 

described as subaerial and further investigation of the extent of glacial 

Geological setting

described in this study are exposed in outcrop at the northwestern edge 

coincides with a relatively high Pleistocene glacial period where sea level was 

indeed derived from the LCD event then a violent eruption allowed ash to 

Analytical methods

also collected from each of the units for laboratory analysis. A stratigraphic 

and thin section images of the LCD outcrop samples were compared with 

Figure 2

of Long Canyon Dome.

Figure 3 – Example scanning electron 

micrograph of a pumice sample from the 

base of the rhyolite tephra (Unit I). Vesicle 

voids are tubular and appear elliptical in 

cross section along the long axis and circular 

in cross section along the short axis. Note 

glassy walls of pumice.
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Macroscopic observations

gray and white. The unit is matrix-supported. Pumice resistance in this unit is 
fairly high, although the ash matrix weathers easily and is brittle within a few 

          Unit II is a lens of light gray angular, polygonal pumice clasts that 

and pumice clasts contain microcrystalline minerals of sanidine 
and plagioclase.

composed of light gray and white subangular and subrounded pumice clasts 

easily distinguishable from ash matrix, which is composed of small pumice 

          Unit IV is the fourth distinguishable layer and is light gray with white 

a recessive unit and has very low resistance to weathering. Largest pumice 

Figure 4 – Thin section images of A) a pumice fragment from the rhyolitic outcrop deposits and B) a pumice fragment from the surrounding tuff ring. Note that images are 

not shown at the same scale, however the tuff ring pumice is highly vesicular compared with the sample taken from the described outcrop. Sanidine crystals in photo A 

(circled) display rare dendritic cleavage fractures that are interpr eted as a result of violent expansion of steam during contact of lava with glacial margins.

Figure 5 – Side-view Photograph of Unit I in 

outcrop facing down the stream channel toward 

the west. Field notebook and rock hammer 

handle for scale.

Figure 7 – Photograph of a large pumice sample 

from Unit III collected for further examination. 

matrix. Pencil for scale.

Figure 8 – Close up photograph of ash matrix 

from Unit III. Ash fragments are <2 mm. Pencil 

for scale.

Figure 6 – Side-view photograph of Unit II (outlined 

in white) facing up the stream channel toward the 

east. Horizontal grading decreases toward the top 

of the photo. Rock hammer for scale.
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is an ash matrix composed of poorly consolidated pumice fragments with 

          Units V and VI are identical lithologically but and have been divided by 

and is a breccia containing light gray angular to subangular pumice clasts 

identical to Unit V, however Unit VI grades into smaller clasts that range from 

before being concealed toward the dome crest by vegetation detritus. It has 

Microscopic observations
Thin section images were taken from a sample collected from the LCD 

shows smooth, vesicle-poor, microlite-abundant glass. The vesicles appear 
to be sub-parallel and are restricted to accumulating along fracture planes 
and weaknesses within the glass. The sanidine crystals display unusual 
sub-parallel microfractures along cleavage planes (examples circled in Figure 

microlite- free glass. The vesicles appear to occur independently of fractures 
in the glass and do not appear to be sub-parallel. The vesicles have a “wispy” 

orientations. Interestingly, sanidine crystals in lavas and pumice samples 

that accumulate on the face of the larger grains, especially within vesicle 
hollows. There are curved fractures that arch with no apparent structural 

Figure 9 (top left)– Photograph of recessive Unit 

IV (outlined in white). Pumice clasts sizes range 

from ~3-6 cm. Rock hammer for scale.

Figure 10 (top right)– Photograph of Unit VI showing 

perlitised pumice clasts ~1-3 cm (examples outlined 

in white). Unit V looks similar but with larger, less 

abundant clasts. Pencil for scale.

Figure 11 (left)– Photograph of Unit VII breccia 

showing black “salt and pepper” pumice clasts  

(some welded together) embedded with white 

pumice clasts that are ~6 cm. Pencil for scale.

Figure 12 – SEM images of a pumice sample collected from Unit I. A) Arched fractures terminating 

within glass are circled. B) Closer image of features seen in middle left of  A. C) closer image of features 

seen in lower right of A. See text for explanation.
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sub-parallel curviplanar extensional fractures near the top of the image and 

faces when condensed in groups, which do not appear to be disrupted where 
adhered over fractured surfaces. The vesicles all appear to be tubular and 

piece appearance.

Discussion

subglacial volcanic eruption based on similarities observed here with those 
described from subglacial rhyolitic deposits elsewhere:

1. 

muddy matrix that supports these clasts is indicative of subglacial 

resulted in poorly-sorted deposits, whereas a subaerial eruption would 

observed in Units V-VII are interpreted to have been formed by eruption 
in a hydrous environment as excess water could not be removed from 

2. The lens that forms Unit II is unique to rhyolite deposits and 

otherwise occupy the voids between the polygonal clasts.

3. In all likeliness there had to be a unique restraining element during 
eruption since volatiles were not free to escape in any direction as is 
usual for rhyolites in subaerial environments. The vesicles viewed in 

Figure 12 – SEM images of a pumice sample collected from Unit I. A) Arched fractures terminating within glass are circled. B) Closer image of features seen in middle left of  

A. C) closer image of features seen in lower right of A. See text for explanation.
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sub-parallel and it appears that volatiles were constrained possibly due 
to strengthening of the glass as it cooled. Vesicles orientations are likely 

4. 

to pumice walls and hollows. This is considered to be indicative of 

5. 

phreatomagmatic activity, it is possible for this eruption to have occurred 
beneath a non-glacial lake. However, the age of this eruption coincides 
with a high glaciated period and low sea level stands and it is more 
probable that the paleoclimate of this alpine region was glacial. Although 

sustain a non-glacial body of water and thus these features could only 

Conclusions
The deposits at LCD contain features that are consistent with features 
described elsewhere in subglacial rhyolitic deposits, particularly in Iceland 
where lava-ice interactions are more common. Considering the age of 
the LCD eruption and a coincidently low sea level stand, it is probable 
that alpine glaciers were prevalent in this region during the Pleistocene. 

the rhyolite came into contact, there is evidence that a considerable amount 
of surface water was present during eruption periods. However, based 
on the possible paleotopography of the region during the Pleistocene it is 
not likely that a non-glacial lake could be present in this region, especially 

and/or melt water. The most compelling feature of the LCD rhyolites is the 

adhering to the larger bulk material. This feature has been documented in 
phreatomagmatic and glaciovolcanic deposits and is widely considered to 
be a diagnostic component for these types of eruption environments. Also, 
the unique microfractures in the sanidine crystals observed in thin section 
analysis are not well documented. The uniqueness of this particular feature 
suggests that these rhyolite deposits were at least emplaced under abnormal 

additional information to support a glaciovolcanic origin including mapping 

not be explained by present topographic constrictions. Also, the perlitised 

contradictory evidence for a subglacial eruption at LCD it is apparent that 

of the glacier cauldron to release ash into the upper atmosphere. This study 
was intended to provide substantial evidence to establish glaciovolcanism at 
LCD and further detailed studies to reconstructing the eruption history would 

interactions.

Acknowledgements 
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Abstract

eyewitness accounts. I contributed to the development of a method to 

inexpensive pressure transducers that are commonly used to measure stream 

less of local peaks in short duration rainfall intensity, which demonstrates that 

the public. 

Introduction

and occur even more frequently in other regions of the world (Cannon 

Robert J. Leeper
Advisor: Dr. Brady Rhodes

Department of Geological Sciences, College of Natural Science and Mathematics 
California State University, Fullerton, CA, USA

watersheds: Implications for residential evacuations 
and early warning

Figure 1 – Research area 

is located in the San Gabriel 

Mountains, 25km north of 

Los Angeles

Figure 2 – Oblique view 

of research area and 11 

instrumented watersheds

along the front of the 

San Gabriel Mountains
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resulted in the evacuation of thousands of residents who lived in the mountain 

Methods 

Pressure transducers measure pressure head in meters of water and have a 
self-contained datalogger and power supply. The datalogger can be set to 

pressure readings. Recording can occur as a continuous loop, with the oldest 
data overwritten, or as a single loop that shuts down when the memory chip is 

some data are captured and preserved, even when access to a site is delayed 
by days or weeks. The peak pressure reading recorded was used to identify 

   Channel cross-sections were measured at pressure transducer sites using 

pressure transducers installed in weaker rock at the downstream end of 

tipping-bucket rain gauge installed as close as possible to the location of the 

    Following a storm and after locating and recovering the pressure 

perform these last two steps because the pressure transducer may miss the 

the pressure signal to identify timing, not to identify the type of event. In the 

Results  

during the storms show that multiple basins had similar responses. Pressure 

Figures 3a-3h

Figure 3a – 

Survey cross section

Figure 3c – 

Insert pressure 

transducer

Figure 3b – 

Drill a hole

Figure 3d – 

Install rain gauge

Figure 3e – 

Record an event

Figure 3f – 

Locate pressure 

transducer

Figure 3g – 

Check sedimentation

Figure 3h – 
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Figures 4a-4i – Plot of pressure data showing pressure head in meters of water across the lower x-axis panel and the 10-minute rain intensity measured 

threshold (15mm/hr) of Cannon et al., 2008.
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erosion destroyed the pressure transducers installed in the Goss, Hay, and 

one day later.

         Combining the pressure transducer and rainfall data along with the 

Conclusion

follow emergency management evacuation orders and are in need of rescue, 
it is unlikely that emergency responders will be able to reach them during a 

warning once heavy rainfall starts. 

Figure 5a – 

185 meters from the Mullally debris basin

Figure 5c – 

220 meters from the Mullally debris basin

Figure 5b – 

190 meters from the Mullally debris basin 

Figure 5d – 

250 meters from Mullally debris basin

Figures 5a-5d – Images showing damage and marooned residents on the morning of Feb 6th, 2010 

Photo Credit: Robert Leeper
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Abstract

containing quenched basaltic inclusions, suggesting a “magma mixing” 
origin for the petrogenesis of the andesite. To test the magma mixing origin 
hypothesis, amphibole crystals contained in quenched basaltic inclusions 

population that nucleated and grew within the basaltic inclusion-forming 

the andesite magma. The presence of two district populations of amphibole 

Augustine andesite formation, but also suggests a very short time period 
between mixing and eruption, as intermediate compositions of amphibole are 
absent. 

Introduction
Prior studies have argued that Augustine Volcano erupts magma formed via 
complicated open-system magmatic processes, including magma mixing 

has long been considered an important mechanism for the triggering of 

results may aid in the prediction and mitigation of volcanic eruptions 
in general. 

compositionally unique magmas in the liquid state. A very similar process, 

compositionally unique magmas, which results in the presence of blobs or 
drops of incompletely mixed magma compositions. The unmixed blobs are 
often called “quenched basaltic inclusions” because they are usually basaltic 
in composition and exhibit textures indicative of rapid quenching. 
         An intriguing characteristic about magmas that form through the 
magma mingling process is that they themselves are actually very well mixed, 

suggesting that inclusion formation may be the exception and not the 

and thermally unique magmas with contrasting viscosities requires that 
pre-mingling viscosities of the compositional end-member magmas must 

can occur. To achieve this, previous studies indicate that the high viscosity 

andesite magma warms, which causes their viscosities to converge so that 
liquid-liquid mixing can occur. 
         A consequence of this mixing process is that minerals inherent to each 
magma end member must be exchanged from one magma composition to 

concentrations of amphibole crystals to show magma mixing between 

Ashley Melendez
Advisor: Dr. Brandon Browne

Department of Geological Sciences, College of Natural Science and Mathematics 
California State University, Fullerton, CA, USA

A Magma Mixing Origin for Andesites Erupted in 2006 
from Augustine Volcano, Alaska
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a hydrous mineral phase that is sensitive to changes in the composition, 

the compositions of amphibole in the basaltic inclusions with those in the 

magma sources, which will allow me to say whether or not magma mixing 

eruptive products.  
 

Geologic Setting

situated along the eastern portion of the Aleutian Island Arc and is similar in 
eruption style to the slightly larger, but less frequently active, volcanoes there: 

island are poorly sorted with clasts of olivine basalts of Pleistocene age (Waitt 

was marked by a strong swarm of earthquakes and a powerful explosive 

this time, pyroclastic and volcanoclastic materials were deposited, notably 

by drumbeat earthquakes. These earthquakes are often associated with 

emitted a nearly continuous plume at this point of the eruption, rich in ash 

continuous phase is named so because the volcano continuously built and 

Figure 1 – Location map of Augustine Volcano (from Alaska Volcano Observatory)

Figure 2 – Geologic map showing the 2006 eruption deposits (from Alaska Volcano Observatory)
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Methodology
We collected samples of both the basaltic inclusions and andesite from 

rock that were dark gray to black, vesicular and that contained prominent 

rounded, cuspate boundaries. With a chisel and rock hammer, we removed 
the inclusions from the surrounding rock along with a piece of the immediately 
surrounding the inclusion. From these rock samples, we made petrographic 

of both the “host” andesite lava and the inclusions. A portion of the thin 
sections was made professionally and the rest of the thin sections were made 

carbon-coated thin section sample in a vacuum chamber. The electron stream 

analysis is non-destructive and can be done on a polished thin section, very 

on my samples.

Results

basaltic inclusions were divided into data taken from the core of an amphibole 
crystal and data taken from the rim of a crystal. The samples were plotted for 

to pargasite in composition with the most of the samples falling into the 

two main clusters with regards to the composition of the amphibole samples 

This grouping falls into the edenite range of compositions on the cusp of the 

Figure 3

crystals from basaltic inclusions range from edenite to pargasite, whereas andesite “host” lava 

amphiboles are predominantly hornblende with some edenite.

Figure 4 – Concentrations of Al2O3 plotted against Mg# (Mg/Mg+Fe) of amphibole crystals, which 

shows that basaltic inclusion amphiboles are slightly more primitive and formed at greater depths 

compared to amphiboles from the “host” andesite lava. 
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andesite and falls into the hornblende/edenite boundary. The two clusters are 
linked together in a nearly linear pattern. Of particular interest here is that all 

cluster, while points from the andesite are distributed in both populations.

clear clusters of concentrated compositions. Amphibole crystals from basaltic 

not appear to be a compositional linkage between the two clusters, but the 
two clusters exhibit almost parallel linear relationships. Again, it is interesting 
to note that all amphibole form the basaltic inclusion are only located in the 

populations.

clusters of compositions that are linked together by a few points of andesite 
samples that form an intermediate composition between the two clusters. 

in the andesite magma. 

Discussion
Aluminum concentration in amphiboles increases with depth of nucleation 

at least two distinct concentrations of compositions that represent two end-
member amphibole compositions. The plot in the edenite to pargasite range 
represents a much higher stability temperature than the other plot in the high 

strong evidence for at least two distinct amphibole populations within the 
andesite. Through all of the compositional plots, there have been two distinct 
clusters of core and rim compositions that trend nearly parallel to each 
other. In the case of Augustine volcano, the source of these high-Al, high-
temperature amphiboles would be the intruding basalt, one compositional 
end-member. The lower Al content and temperature composition would 

Figure 5 – Major element concentrations of Al2O3, FeO, and MgO plotted against SiO2 by weight 

percent for rim and core portions of amphibole crystals from the basaltic inclusions and “host” andesite 

lava. Note that inclusion amphibole generally plots away from most andesite amphibole, although some 

andesite amphibole exists in inclusions, suggesting that hybridization of the two magmas occurred prior 

to inclusion formation.  
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Augustine Volcano is the andesite and represents the mixing between these 
two compositional end-members. 
         The data from the basaltic inclusions all plot within the same cluster 
for each individual graph and are not distributed into the two clusters like 
the andesite data. The amphiboles from the andesite, however, are found 
to exist in the same compositional cluster as some of the basaltic inclusion 

– and therefore crystal exchange between the two end-members – preceded 

amphibole crystals exist between the inclusion-type and the andesite-type, 

formation, and eruption must have been very short, possibly even days. 
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Advisor: Dr. Jeffery Knott
LSAMP Grant #HRD-0802628

Department of Geological Sciences, College of Natural Science and Mathematics 
California State University, Fullerton, CA, USA

Abstract

produced ground deformation best detected by remote sensing with only 
minor ground cracks observed after the earthquake. The minor ground rupture 
is in stark contrast to the prominent fault scarps found along valley-bounding 

foot of the Last Chance Range. In this study, I will measure fault scarp height 
and slope angle to determine the earthquake magnitude and earthquake age. 
I will compare these data with previous studies of fault scarps along the 

basin in the late extension phase. 

Fault Scarp Morphology Along The Northern Eureka Valley 
Fault Zone, Eureka Valley, Eastern California, U.S.A. 
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Abstract

chicks. After assessing the energy density and lipid content of the top six prey 

Introduction 

that were fed a high-energy diet had a higher body mass and lipid reserves at 

lipid reserves are important because they provide energy to the chicks during 

prey, has increased in the bird’s diet while the proportions of anchovy, sardine 

may result in lower reproductive output (i.e., lower numbers of nests or 

Laura Tolentino, Tyler Flisik
Advisor: Dr. Mike Horn

Fish, Seabird and Conservation Biology Lab
Department of Biological Science, College of Natural Science and Mathematics 
California State University, Fullerton, CA, USA

(Thalasseus elegans) over a recent 16-year period (1994-2009) 
at the Bolsa Chica Ecological Reserve
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reserves to sustain them while they learn to feed for themselves.   

Methods

         The energy content (kJ g

with petroleum ether as a solvent, and, second, protein and ash contents 

extracted. Once the lipids were removed, the remaining matter was dried and 

incineration of the proteins. The remaining inorganic material was weighed 
and represented the ash content of the prey. 
         The lipid, protein, and ash contents were determined using a subtraction 

kJ g  for proteins. The total lipid, protein and ash values obtained from this 

Figure 1 – Scatter plot of body mass and length of the six major prey species from the Elegant Tern 

chick diet for 10 years of a 16-year interval (1994-2009).

Table 1 – Equations and R2 values obtained from 

the body length (mm SL) and dry mass (g) relation of 

Tern chicks



27

The equations used to determine lipid, protein and ash contents are as 
follows:

equation for energy delivered provides an estimate for the amount of energy 
v

the estimate of the amount of energy delivered to each chick, v represents the 

each season and P represents the proportion of each prey species present in 

Results 

the body mass increased steeply with increased body length, but the body 

long and slender while the other species are thicker and deeper bodied. 
This relationship can best be understood by looking at the slope of the 

to a steep increase in the dry mass as body length increases. The high R  
values suggest a strong relationship between body length and dry mass for all 

however, showed a positive correlation between standard length and energy 

 to 
.

Table 2 – Equations and R2 values obtained from the body 

length (mm SL) and energy content relation of the six major 
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Discussion 

ash content, with the exception of topsmelt. However, we still consider 

Table 3 

chicks across all seasons of record.

Figure 2 – Composition of the major prey species recorded in the Elegant Tern chick diet from dropped 
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these species and thus provided more energy “per bite” than previous years. 

Table 4 – Adjusted proportions (based on 100% for total) of the six major prey species in the deliveries to Elegant Tern chicks for the 10 years of the 16-year interval

Figure 3 – Estimates for total energy delivered to Elegant tern chicks each year with the adjusted 

Figure 4 

and the estimated numbers of nesting pairs of Elegant Terns at BCER for the 10 years during the 

1994-2009 interval
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the adult diet may not have increased. 

weight and with few lipid reserves to sustain them while they learn to feed 

Acknowledgements
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Abstract
This study documented xylem vulnerability of Citrus x sinensis (Valencia 

understanding of drought tolerance mechanisms in citrus would enable to 
improve water conservation. Physiological mechanisms of drought resistance 
were investigated by measuring the formation of xylem embolisms, also 

methods were compared to determine the best technique for hydrating the 
stems in order to achieve maximum hydraulic conductivity through the xylem: 

that submergence under a vacuum would be the best method of stem 

grapefruit would be the most vulnerable to embolism formation. High-

lowest hydraulic conductivity, whereas, long-term vacuum and long-term low 

embolism formation. In the future, a long-term study would allow for a better 
understanding of plant hydraulic conductivity in drought-prone regions.

Introduction 

citrus production, which could result in adverse economic and possibly 

large amounts of high quality Citrus. With the advancements being made in 
agricultural farming and urban sprawl, many of these farming communities 
have moved to rural areas. Yet, a large-scale citrus production still persists in 

         In order to lessen the economic and environmental impact and to 
increase water conservation it is necessary to examine drought tolerance of 

climates and could possibly increase water conservation via improved 
irrigation scheduling. Therefore, it is important to investigate the physiological 
mechanism of citrus adaptation to a drought prone environment (Poggi 

         One crucial physiological aspect of drought resistance in plants is their 

xylem pressure to draw water from the ground into the leaves, replenishing 
water lost to transpiration and transportation of nutrients. Under drought 
conditions, a limitation of soil water availability can cause the formation of 
xylem embolisms, as air is drawn into the xylem through small pores called 

forming embolisms, often referred to incorrectly as cavitation, occurs when 
negative pressure in the xylem drops below a certain threshold. In many 
studies of plant species, a lower vulnerability towards forming embolisms 

Emily Nguyen Wieber 
Advisor: Dr. H. Jochen Schenk

Department of Biological Science, College of Natural Science and Mathematics 
California State University, Fullerton, CA, USA

Measuring Xylem Vulnerability in Three Citrus Species
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are not many studies of xylem vulnerability for fruit species and only one 

study was to document the xylem vulnerability of three Citrus species: Citrus 

air pressure is required to push air laterally into the xylem of detached stems 

hydraulic conductivity of the stems decreases. A xylem vulnerability curve 

gaining insights into drought tolerance mechanisms in Citrus and may aid in 
developing improved irrigation schedules and water conservation 
in California. 

California. The purpose of this study was to document xylem vulnerability in 
three citrus species C. x sinensis, C. x paradisi, and C. x reticulata. 
To do this, maximum hydraulic conductance of fully hydrated stems had to be 
measured as a baseline for the measurements. A recent study has found that 

standard method to hydrate Citrus stems. This method was then used for all 
measurements of xylem vulnerability.
         Four stem hydration methods were tested, including short term high 

vacuum was predicted to out-compete the other methods due to its ability to 

would be the most vulnerable to embolism formation. This was based on 

the assumption that a higher demand for water corresponded to a higher 
vulnerability to embolism formation. 

Materials and Methods 
Collecting stems samples 

collected from the Fullerton Arboretum, CA. Fresh stems with diameters 

experiments and longer than 80 cm for xylem vulnerability measurements 

minimal or no branching were selected. In the lab, stems were submerged in 

removed. 

Hydraulic conductivity measurements 

Figure 1 – The effects of hydration treatments (n= 10) on maximum hydraulic conductivity of three Citrus 

treatments 1 and 4. Error bars = SE.
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were connected from their proximal ends to a manifold, which was connected 

stems was degassed using a membrane contactor degassing unit (Liqui-Cel 

rate of water moving into stems was measured in the absence of a pressure 

All hydrating conductivities reported in this study include a temperature 
C to allow for changes in water viscosity with temperature.

Hydration treatments 

Citrus stems of all three species were hydrated using four treatments to 

both ends of the stems, which could help to avoid bubble formation under the 

Xylem Vulnerability Curves 

function of xylem pressure. 

by cutting at an angle directly into the xylem, only into the section that was 

protruding. The cavitation chambers were connected to a pressure chamber 

 

Data Analysis 

Hydration treatments were compared among the three Citrus species by 

determined from these regressions. 
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Results 

was on average about twice as high as achieved after one hour of high-

         The Valencia orange, Ruby Red grapefruit and tangerine were not 

Discussion 

out the most among other treatments in providing a long-lasting partial 
pressure gradient between the gas phase in the vacuum chamber and the 

used standard method produced the lowest hydraulic conductivity, whereas, 

highest hydraulic conductivities. As air removal from wood occurs by way 

the removal of air will be. The second vacuum treatment, being the only one 

method of choice for hydrating Citrus stems. 
         The second hypothesis, that grapefruit would be the most vulnerable to 
embolism formation than orange and tangerine, was not supported. 

embolism formation, although there appeared to be a trend that showed that 
Valencia oranges were the most resistant species and the tangerines were 

vulnerabilities of the three species was entirely due to large variances within 

highly reliable and reproductive measurements of xylem vulnerability. 

Figure 2 – Xylem vulnerability curves for three Citrus species (n=8). Logistic regressions were used to 

determine 50, which is the pressure at which 50% of PLC was observed.



35

a pattern of xylem cavitation for Clementine that was similar to that of the 
three Citrus species studied here. These authors suggested that xylem 
conduits in Citrus may be divided into more vulnerable and less vulnerable 

this hypothesis. 
         For future works, it would be constructive to study the xylem’s 
anatomical structure of the three Citrus species. The anatomical xylem 

straits that have been associated with vulnerability to embolism formation in 
previous studies, including vessel diameters and the area of pits connecting 

turned out to be present in two distinct diameter classes. Also, the three 
Citrus species turned out to be anatomically similar, which would explain why 

to embolism formation. 

increase the yield and control the longitudinal growth of Citrus trees. 
Citrus farmers use the practice of grafting one species of Citrus trees to a 
developed root system of a secondary citrus species to shorten the growth 
rate which it will take a species to develop from a seedling to an adult tree 
capable of producing fruit. Another useful and relevant study for the future 

trees’ roots and stems by comparing grafted and un-grafted trees. This would 
allow me to test the hypothesis that root grafting leads to the development 
of more embolism due to a hydraulic mismatch between roots and stems. 

orange trees by observing peculiar stomatal oscillations that may have been 

         In the future, I would like to expand my study within the area of water 
usage for citrus species and work with Citrus farmers to develop and test 
root irrigation systems either above or below ground and generate improved 

prone areas, which would ultimately lower costs in yield production for the 
farmer. I believe that this would facilitate a thriving agricultural economy 

lower cost production of locally grown produce would be more attractive 
to local area consumers within a targeted community and would allow for 

         In conclusion, this study has resulted in a new standard method to 
hydrate stems for measurements of xylem vulnerability curves, which will now 
be tested on other plant species. The research on xylem vulnerability in Citrus 
has remained inconclusive, but will continue to develop better experimental 
protocols and increase the reliability of the technique.



36

References 

measurements of maximum hydraulic conductivity through woody plant 

nr/water/cropinfo_citrus.html. 

properties of solutions in metastable systems under negative or positive 

-orange.php 



Department of Mathematics, College of Natural Science and Mathematics 
California State University, Fullerton, CA, USA

Jorly Chatouphonexay
Advisor: Dr. Angel R. Pineda

37

Figure 1 – A clinical image showing the fat fraction from an MRI scan. Shown here, we see how the 

fat fraction varies in the liver (mostly fat), subcutaneous fat, and stomach (mostly water) tissues. From 

the amount of fat in the liver, this image shows that this patient has a fat fraction of 50%. Patients with 

NAFLD exhibit a fat fraction of 10% [8]. Image courtesy of Scott Reeder, used with permission of the 

authors of [2,3].

Abstract

as                                          , where           is the mean of the signal and

clinical method, the fat-fraction estimate is generated by                                  . 

The magnitude of the fat and water signals are denoted as       and        ,

is generated by                                                where                is the estimated 

Introduction

chronic liver conditions in western society, due to the increased rates 

conditions, ranging from simple steatosis to non-alcoholic steatohepatitis 

Although a liver biopsy is preferred for diagnosis, it is prone to high sampling 

error from sampling small amount of liver tissue. Often, a biopsy 

Maximum Likelihood Estimation of the Fat Fraction Using Magnetic 
Resonance Imaging at High Signal-to-Noise Ratio

| |
| | | |
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does not expose patients to radiation. For example, computed tomography 

fat content than ultrasound, which uses high-frequency sound waves 

Fat Fraction

is the amount of fat over the amount of fat and water in the liver. A clinical 

fat is contained in a tissue. The model for the complex water and fat signals is

where        is the mean of the real component and       is the mean 

of the imaginary component of the measured signal,      as the sampling error 

associated with the sampling of the real part of the signal, and       

is the sampling error associated with the sampling of the imaginary part 

equation below

where            is the mean for the real part and           is the mean for the 

distribution.

         The true fat fraction is given by

where            is denoted as the mean of the fat signal and                is denoted 

have two methods to estimate it: the clinical method and the maximum 

Methods 

Clinical Method

The measurement model for the fat-fraction estimate by the clinical method is 

where         is the real and        is the imaginary components of the measured 

mean       and standard deviation      ,         to follow a normal distribution with 

mean       and standard deviation      ,      as the sampling error associated 

with the sampling of        , and      as the sampling error associated with the 

sampling of        .

Here,         follows a Rician distribution with parameters         and        . For our 

model, we assumed       and       are both equal to        .

The fat-fraction estimate in clinical settings is generated by 

The magnitudes of the fat and water signals       and        follow the Rician 

The clinical estimates sometimes do not accurately estimate the true fat 

| |
| | | |

( )
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Maximum Likelihood Estimation (MLE) Method

a reasonable estimator, and if the data set is large, it will be typically 

become an excellent estimator. The estimated parameter is a value 

that has the highest probability of generating a given set of data. 

is a function of the parameters, denoted as            , given observed 

parameter that we wish to estimate is    since the fat fraction consists 

of the mean of magnitudes of the fat and water signals.

Choosing of 

We assumed that the standard deviation of our model will 

be equivalent to the standard derivation for the real part of the 

This means that the standard deviation for the water signal is the 

standard deviation from the real part of the measured water signal 

and the standard deviation for the fat signal is the standard deviation 

from the real part of the measured fat signal,

Figure 2 

is depicted above for several SNRs when     = 1. The distribution of M is approximately normal once 

( ) ( + )/ Figure 3 – An image showing one result from the use of the clinical method. This method has provided 

a poor estimate of the fat fraction when SNR is high for        and low for       . In the histogram of the fat-

fraction estimates above we see that the true value is not estimated well. By using the MLE method, 

we hope to correct this problem. Image courtesy of the authors of [2,3].

|
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Derivation of         by the Maximum Likelihood Estimation 

(MLE) Method

likelihood function with respect to the parameters that we wish to estimate, 

distribution,    , and the likelihood function is a normal distribution since 

Above is a model of the likelihood function, which is a normal distribution with 

Appendix I.

where             is the estimated fat signal and              is the estimated water 

Sample Mean Squared Error (MSE)

using the clinical method is

as an estimate of the fat fraction obtained by the clinical method, and 

Preliminary Results
Exploring the parameters of        and        and       and 

                 , under the assumption that the mean of the real and imaginary 
parts of the fat and water signals were the same.

Case 1) When
.

Figure 4 – A histogram of the magnitude 

fat signal measured at high SNR,         The 

pdf,     , looks approximately normal with the 

parameters                    and                  Clearly 

Figure 5 – A histogram of the magnitude water 

signal measured at low SNR,       The histogram 

is estimating the pdf of       with the parameters            

considering that 
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The results are

Case 2) When

The results are

Case 3) When 

The results are

Figure 6 

line of asterisks represent the true fat fraction. In Case 1 (with high SNR), both methods estimate the fat 

fraction with the same accuracy since the variability of the samples is very small.

Figure 7 

asterisks represent the true fat fraction. For Case 2 (low SNR for the fat signal), the MLE method has a 

smaller mean squared error than the clinical method.
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The results can be seen in Figure 8.

Discussion
The parameters for the water and fat signals were chosen so that the sample 

method. In addition, we assumed that the mean and the standard deviation 
of the real and imaginary components of the signals were equal to each other. 

works in estimating the fat fraction. If the parameters of the water 

clinical method.

provide a better estimate of the fat fraction than the clinical method since 

the fat fraction. The clinical method takes the magnitude of the negative 

observations of the measured fat and water signals, so the method generates 

mean of the water signal is small, there is a peak at the fat-fraction estimate 
of one.
         Consequently, the clinical method would either overestimate or 
underestimate the true fat fraction. This means the clinical method assumes 

fraction than the clinical method, but it is still far from the true fat fraction.

Future Work

a low signal-to-noise ratio. In addition, we will need to address how reliable 

Acknowledgments
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Figure 8 

line of asterisks represent the true fat fraction. In Case 3 (low SNR for the water signal), MLE method has 

a slightly smaller mean squared error than the clinical method.
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Appendix I (Derivation of         by MLE)

is a monotonic transformation and retains the same maximum as the likelihood function. The natural log was taken from both sides,

For this derivation, we assumed that the variance is known. The derivative was taken with respect to        since the fat fraction depends on the means of the fat 

From above we have,

Cancel the square root terms and add       to both sides,

Divide each side by       ,
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Abstract

mixtures obtained under two experimental conditions. We devise a procedure 

Total Variation Distance. Our analysis shows that in general, the proposed 

less precision at the peak of neuronal spiking activity.
Key words:

Introduction
In this work we consider the problem of clustering a collection of neuronal 

number of curves, we focus on obtaining mean curves for each cluster 

Inter- val for each cluster’s mean curve. This provides us with valuable 
information in regards to patterns and temporal location of uncertainty 

         In particular, we are motivated by the neuronal data generated during 

within 800 ms of appearance on a touch-sensitive screen. Illuminating 

performed under two experimental modes: a random mode in which the 
targets were illuminated in a pseudo-random order and a repeating mode 
in which the targets illuminated in a predetermined sequence.
         Theoretically, neurons communicate through releasing electric pulses 

up of chemicals called an action potential and once the levels of the 

We can model the individual spikes at each millisecond time bin with 

stochastic features of the sum of a group of spiking events in a homogeneous 
Poisson process.

Mikhail Y. Popov 
Advisor: Dr. Sam Behseta

Assessing Uncertainty of Clustered Neuronal Intensity Curves



46

sample from a posterior distribution of curves to approximate placement of 
splines to smooth a discrete data set. A more rigorous description of curve-

of identifying common features of neuronal intensity rates through 

of multivariate normal distributions with varying vector means and covariance 
matrices is formed to allocate curves sharing common characteristics 
to the same cluster. The weights of the mixture are obtained through 

based on forming a mixture of Gaussian distributions whose proportions 

in the form

where the weights                          satisfy

and the model for the distribution of the data is a weighted, linear combination 

data, as we shall describe in later sections. The main contribution of this work 
lies in assessing the uncertainty of the mean of curves within each cluster. 
We shall explain that in details in the following section.

Methods
Curve Fitting

is done via the following:

     is the total number of trials for the neuron:

count how many spikes occurred in that particular time bin. Let
                             where cb is the count of all spikes in tb.

recorded than another neuron will not have an advantage of counts. 
Denote the set of rates as

Figure 1 

each time bin     , the mean is     and the bounds are formed by the region                 . The sup and the inf of                 are marked by 

dashed horizontal lines above and below    , respectively.
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for neuron 

The above process generates the curves                   since we have    
many neurons.

Mean Curves and Permutations

In the second phase, we cluster the curves                   obtained from the 
original data. We then use model-based clustering on the set of those curves 
to create      many clusters. That is, we get a Gaussian mixture distribution 
with      components where      is chosen through the application of model-
based clustering algorithm. This will create a partition since no curve can 
belong to more than one cluster and the union of all clusters is the original set 
of curves we started with.
         We represent the mean of each cluster by averaging pointwise across all 
the curves belonging to that particular cluster. Let      be the the set containing 

the mean curve as the vector

where      is the number of curves there are in the    -th cluster. In other words, 
     is the cardinality of     . This infrastructure will facilitate the application 

of an iterative procedure of data-permutation, clustering, and per-cluster-
mean calculation, as explained in the following steps.

      i. Consider the set      of      trials,

          previous section.

                           by     .

        within this iteration:

.

Table 1 – The proportion of curves (out of 213 total) associated with cluster      under each combination of experimental mode 

(random, repeating) and clustering method (unsupervised, supervised).



48

Assessing Similarity Between Curves

The means of clusters of original data and those obtained from permutations 

those means of permuted curves whose pattern of activity are as close as 
possible to the one associated with the original data. To gauge “closeness” 

Distance between     and     as

In the context of neuronal intensity curves, let     and      be two probability 
mass functions. We can calculate their divergence using the algorithmic 
translation of TVD via

around probability densities, in order for us to be able to employ it we must 
convert curves to probabilities. This is achieved by converting the curve

to its corresponding probability mass function     via:

Recall that we have permutations                                     that each   -th 
iteration has         many clusters of curves, and that each of those clusters has 
a mean curve. The purpose of the following algorithm is to select one of those 

         that iteration’s clusters by comparing the mean curves                      with 

         the mean curve      using the metric    .

         mean curve with the highest similarity to      is selected.

    , the set of mean curves which are very similar to the curve     . This 
process is repeated for each of the remaining main clusters                 to yield   
                 . Therefore each       is a set of mean curves which are very similar 
to main clusters’ mean curves                  , respectively.

interval devised in this work solely relies on the                 .  We designate 
     as the pointwise average of the mean curves found in      using the same 
technique as before.

 Let      denote data and   be a one-dimensional parameter. Let 

where      is the largest constant such that 
will be the smallest interval width among all credible intervals (Chen 

binwise on     . In other words, if there are      many curves in      then we 

for the mean curve is constructed from                                          . In    , this 

Data Analysis and Results
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Table 2 

as derived from the algorithm described earlier.
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Table 3 – The optimal number of clusters (    = 6) was set by us after seeing that     = 2, 3, 4, 5 did not provide enough clusters for the curves. The top half plots the original curves belonging to each cluster. The 
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under the random and repeating experimental modes. We used the 

each mode.
          To cluster the curves created from those neurons, we employed mclust, 

supervised and unsupervised, were performed on both original and permuted 

We chose this number empirically, after considering the clusterings resulting 

          Under unsupervised clustering, the number of clusters      was 

       , the number of clusters for the   -th permutation.

clusters accounting for large and small proportion of curves. For example, 

curves in the random mode. It should be noted that there is no reason to 
believe that clusters labeled with the same number under each combination 

quadrants we plot the curves of each cluster. The vertical line represents the 
location of maxima or minima of the mean of the cluster. The bottom two 

          Regardless of experimental mode or clustering choice, there was 

more uncertainty at the peaks and less uncertainty at the troughs.

account the intensity rate. This resulted in pairs of clusters (in both the 

Random Mode

distinguished by being monotonically decreasing whereas there is a rise and 

          Under unsupervised clustering, the addition of a seventh cluster 

Repeating Mode

There are several observations to be made for the repeating mode. The 
uncertainty is especially large for all clusters in comparison to the uncertainty 

          Under supervised clustering, we see two interesting patterns emerge. 

have rather large intensity rate, on average. In fact, the same could be said 

clusters. Unlike the random mode, the clustering mechanism had a lot more 
trouble grouping random-mode curves by their behavior.
          Under unsupervised clustering, the addition of a seventh cluster 

clustering curves.
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Discussion
One shortfall of this work is that it limits its attention to mixtures of Guassians 
only. Considering that neuronal spike trains are Poisson processes in their 
nature, a possible alternative would be to assume unknown distributions 

proper posterior distributions with the appropriate parameters.

For example, methods associated with machine learning (hierarchical 

with the rest of the procedure.
          The entire devised procedure in this paper is computationally 

rather than a recent, publically available version which may have been slightly 
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Abstract

of     commute has long been viewed in the literature as a natural measure of 

on this probabilistic question have arisen in the literature recently, and our 
research introduces yet another such variation that provides somewhat 

investigate the likelihood of being able to permute the order of the elements 
in the product and obtain the inverse of the original element. With the help 

have discovered patterns leading to interesting results about this variant. In 

cyclic, dihedral, and symmetric groups, and describe the general results we 

interest into our investigation.

Introduction

obvious, however, is that if     is not abelian,                   . This bound is shown 

products of more than two elements. They denoted this new measure            , 
where            measures the probability that a string of    elements is equal 
to its reverse. That is, what is the probability that for                              , 

and they also address a number of other interesting variants on            .

A New Measure Involving Group-theoretic Inverses

of     elements is equal to the product of some permutation     of the same  

elements:                                                  . Let us begin by considering the 

Nick Blackford, Daniel Lenders, Danny Orton 
Advisor: Dr. Scott Annin

An Inverse-Based Analogue of the Probability That Two Elements 
in a Finite Group Commute
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Using a program written with the software Groups, Algorithms, and 

known groups. (The notations                          refer to the families of cyclic, 

and 

of general formulas which will be proven later. Until then, we will postpone 

where                       refers to a permutation of the subscripts of the product              

                 . For example, 

                                                                                                                           .

This probability measure is similar to             in that it deals with    elements 

of a group. However, in contrast we look for an inverse of a product 

of                 than groups that do not have many of these elements (see Table 

Clearly, the converse holds as well. With this information, we can prove 

the following:

Theorem 2.1 

Proof

product of      with itself,      is abelian and every element of      has order 

Conversely, if      is a group such that                       , then for every ordered

   -tuple                          belonging to      , we have 

Table 1 –                  for

Formula 1

Formula 2

if and only if
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following theorem:

Theorem 2.2 

Lemma 2.3 

   -tuples                              in       such that

Proof

elements of     and then choose                                        . Thus the total 

number of choices for                                         is 

Proof of Theorem 2.2

Thus                                                                        . Therefore,

Theorem 2.4 

Proof For this family of groups, we use additive notation. If                      is an 

element of                  then                                                                         for 

some     in      . However, since        is abelian, 

is an element of                 then                                                                   . This 

occurs only when

or

Case 1

occurs for exactly              -tuples of           . Thus,

Case 2: If      is even, then      is an element of        , and thus, we must also 

for exactly             -tuples of            . Therefore, the total number of elements 

in                  is                                       .Thus,

Table 2 – Comparing percentage of elements of order 2 or less with                 .
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We can see that for each

We start with the family of dihedral groups,

Theorem 2.5 

Proof 

using cases.

Case 1:

Subcase A:

is itself,

Thus,                                      is an element of 

Subcase B: 

                                                                                 . Thus every ordered    

However, we must remove the special case where every element is a rotation. 

                   of such elements.

Case 2: If                            are all rotations, then since the rotations form 

which only occurs if                                                                where       

in                 if      is odd and                                    if      is even. Then dividing 

by           , we obtain our result.

These formulas for               in well-known groups are useful when considering 

the theorems in the following section.

Further Results

Theorem 3.1                                            .

Proof 

are at least       distinct elements of                   . Thus,

Therefore,

One way to create new larger groups from already estabilished ones is to use 
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Using the same GAP program as before, we can collect data on the direct 

products shown below:

the following theorems.

Theorem 3.2 

                                                          .

Proof 

    in     and      in     and                                                  and 

must be an element of               and                         must be an element 

Theorem 3.3

is abelian,

Proof

                              , we are left to show that

If                                                     for some     in     , then 

                                                    for all    in     , since      is abelian. 

of                then                                                  is an element of 

Thus,

Therefore,

hold if both     and     are non-abelian. In the next section, we will describe a 

number of other unresolved research problems involving                .

Further Questions

To get a better understanding of                , we can draw connections to the 

that under certain conditions, if     is a normal subgroup of    , then

Table 3 – 

Table 3 – 
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Thus, it is natural to ask if there is any relation between

and               

even preserves the    bound on commutativity discussed at the beginning of 

upper bound for                .

and                   and other common families of groups. Another question is for 

One way to obtain a more conceptual understanding of                 is to prove 

then     has a higher percentage of elements of order two or less than     . 
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Abstract
In this paper we will place the link between impossible geometric 
constructions and abstract algebra into historical context. First we develop 

algebraic equations and impossibility followed by the proofs of the three 

Introduction

impossibility problems, queries, or challenges as they might be called. In the 

tools of abstract algebra and applied them to an impossibility problem, that 
of trisecting an angle. Through this application of abstract algebra, the other 

of the three problems take an understanding of the complexities of all three 
problems to tie them together.

Greece. As the legend goes, the god Apollo placed a plague on the town of 
Delos and the oracle there appealed to Delphi for a way to end the plague. 

Apollo, which was in the shape of a cube. The problem was put to Plato, 

geometry. Initially the people thought that the solution to the problem was 
easy: simply double the length, width, and height of the temple. The oracle 
explained that the task was to double the volume of the temple. Plato then 
had three men work on this problem, but rebuked their solution for not using 

problem of squaring a circle and trisecting an angle and you have a trifecta of 
impossible problems in geometric construction.
          The main tools in geometric construction are the compass and 
straightedge, and seeing how these tools can be related to algebra allows one 
to fully comprehend why each problem is impossible to solve.

Tools and their connection
The Greeks were of the opinion that pure geometry was rendered through the 
use of only a compass and a straightedge. In actuality, what we call 
a compass today was a stick and a chord or two sticks held together with 
a string. The straightedge may have been the stick used in the compass. 
Whatever was used as a straightedge did not have any marks on it because 
the units of measure were arbitrary. Though limited, these tools could easily 
perform addition, subtraction, multiplication, division, and square roots 
of line segments. The Greeks also put a caveat on constructions in that the 

caveat may seem a little silly, but it is there in order to avoid a situation similar 
to Zeno’s paradox. That is to say, if a method gets progressively close 
to an answer, but never reaches that answer exactly, then it would not qualify 
as a solution. 
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          The operations of addition and subtraction begin with choosing two 
points. This establishes a line and a unit of length. From there, the processes 

points. In essence, a coordinate system is generated from the original two 
points. The relationship between the operations and the coordinates is what 
establishes a set of points which we can call constructible points. 
The value for the distance between points is called a constructible number. 
Thus constructible numbers and constructible points are interchangeable 

Theorem 1: “Let a, b, c, d be constructible numbers with c d

Then each of a + b, a – b, ab, a/c and   d 

Proof: Let a and c be line segments lengths represented on a Cartesian plane 
where a is along the x-axis and c is along the y-axis. Thus we have points 
(a C c A

(labeled D y-axis and a line from (a c

x-axis that is parallel to the line from (a c

this intersection (x E Claim: x = a/c AC || DE , 
ABC DBE. Thus the following relationship exists between 

the sides:                           . 

Therefore we have c/a x x = a/c. Thus the fraction a/c 

a parallel line from c to the x a = c /x

for x we get x = ac. 

          To construct the square root of d, we construct a segment equal to 
d

D, A, and B

to B has length y. Claim: y2 = d

OBD is right at vertex B
triangles to get:
 

Thus    d can be constructed, provided that d was constructible in the 

With this concept established, we begin to get an idea of the structure of our 

set of constructible numbers. From Hadlock’s Field Theory and Its Classical 

Problems:

 : “Let F be a subset of the set  of real numbers. We say that F 

F is closed under the rational operations (addition, subtraction, 

operations are applied to elements of F, the result is an element of F.
F

above, we see that the integers, , and the rational numbers, , belong 
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be of the form a + b   c +   d + e   f  (with a, b, c, d, e, f  F
Abstract Algebra

role in what follows:

Lemma 1 :  and k a positive element of F such that 
k  F. Let 

F(   k  {a + b   k | a, b  F}.

F(   k  that contains F.
F(   k a + b    k  with 

a, b  F.

F(   k quadratic extension 
F

contains , F(   k
CN to distinguish it 

and a compass is used to draw circles, we need to associate the drawing of 
CN. Hungerford’s Abstract Algebra 

Lemma 2 : Let CN

CN , then the line has 
an equation of the form

ax + by + c = 0, where a, b, c,  CN .

CN and the 
radius of the circle is a number whose square is in CN , then the circle has an 
equation of the form

x2 + y2 + rx + sy + t r, s, t  CN .

points that are reached with the combination of a straightedge and compass 
in the form 

ax2 + by2 + cx + dy + e

where a, b, c, d, and e CN. 

CN. We now present 

CN.

Lemma 3 : Let L  and L CN. Let 
C  and C CN. Then

L  intersects L  then the point of intersection has coordinates in CN.
C  intersects C  then the points of intersection have coordinates in CN. 
L  intersects C  then the points of intersection have coordinates in CN.

 

CN CN. 

Theorem 2 : If a real number r

 F0  F    Fn CN

such that r  Fn  and each Fi

that is,
F  (   c0 F F  (   c F F  (   c  Fn Fn - 1 (   c

where ci  Fi  but   ci   Fi  for i n

   
           This concept of tying geometry to algebraic equations gets most of 

Cardano, and Cardano’s student Viète gave us the solution to the cubic and 
quartic equations. In the next century, Fermat and Descartes used “algebra 
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of modern algebra, involving insight into the hidden, abstract properties 

factoring of polynomials and the roots of polynomials.
          The main tool from abstract algebra that we now need is sometimes 

Theorem 3 : If  F  E  K
that deg (K / E E / F

deg K / F K / E E / F

begins to become clear. 

Corollary 2 : Fn Fn / 

Proof : 

deg Fn / k for some k

The three ‘impossible to solve’ problems
Duplication of the cube: 

This can be written x x =    

is, is x  CN

Proof: x =    

of the equation x x . Thus, 

 CN

Trisection of the angle: The issue of trisecting an angle requires more 
discussion than the duplication of a cube. The Greeks knew that some angles 

cannot be successful accomplished, but the 
fact is that the trisection can not always be accomplished. The Rational Roots 
Test plays a pivotal role in the proof.

Proof:

constructible in CN

 .
x

x x  x x.

It can be shown with the Rational Roots Test that the cubic equation 
x

that the previous problem begins to shed some light on the solution to the 

from abstract algebra:

An algebraic number over  is a complex number that is the 

The following result is well known:

Theorem 4 : If t is an algebraic number over and is the root of a polynomial 
degree n in x

 (t a0 + a1x a  t  t n-1| ai }
 and every element in  (t

algebraic over 
formulas show that these are both algebraic over .

 

algebraic over , therefore not constructible. This fact is embodied in the 
following theorem:
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Theorem 5 : CN are algebraic over .

With this insight, we press forward to our last impossible problem.

Square a circle: The explanation of why the area of a circle cannot 
be  constructed into a square stems from the fact that  is not algebraic. 

 was transcendental. A transcendental 

combination of algebraic expressions that can be used to represent a number 
that is transcendental, such as  or e. The proof that  is transcendental 
is very complex and involves a variety of mathematical techniques ranging 
from calculus to number theory which is beyond the scope of this paper. 
We will leave Lindemann’s assertion as a theorem.
 The Lindemann Theorem :  is transcendental.
Armed with this knowledge, we have a very simple proof that a circle cannot 
be squared.

Proof : Given a circle, suppose we can construct a square of the same 
area. Let C C can 

formula for circles we know the area of circle C to be  units square. 
To construct a square of equal area, we need a side to be the 

CN

Theorem,  is transcendental and not algebraic. Therefore  CN  and cannot 
 cannot be constructed, then  cannot 

be constructed. Therefore, a circle can not be squared.

Conclusion

debunked in one way or another. This use of abstract algebra concepts forms 
a strong argument for the impossibility of the solutions. Yet there has been 
at least one renowned mathematician who has a viewpoint that challenges 

of the transcendence of : “Of what use is your beautiful proof, since irrational 

to understand. Adopting this philosophy means, for example, working with 
the congruence relation rather than with congruence classes. This is one 

          A point of interest to take note of in trisecting angles, for each angle 
that   can be constructed, there exists two more which cannot. For example, 

can not. The proofs of impossibilities are founded based on the concept 

unsuccessful in solving these problems, the interest will create another Gauss 
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